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Abstract

Enhancing node-level Out-Of-Distribution (OOD) generalization on graphs remains
a crucial area of research. In this paper, we develop a Structural Causal Model
(SCM) to theoretically dissect the performance of two prominent invariant learning
methods—Invariant Risk Minimization (IRM) and Variance-Risk Extrapolation
(VREx)—in node-level OOD settings. Our analysis reveals a critical limitation:
due to the lack of class-conditional invariance constraints, these methods may
struggle to accurately identify the structure of the predictive invariant ego-graph
and consequently rely on spurious features. To address this, we propose Cross-
environment Intra-class Alignment (CIA), which explicitly eliminates spurious
features by aligning cross-environment representations conditioned on the same
class, bypassing the need for explicit knowledge of the causal pattern structure.
To adapt CIA to node-level OOD scenarios where environment labels are hard
to obtain, we further propose CIA-LRA (Localized Reweighting Alignment) that
leverages the distribution of neighboring labels to selectively align node represen-
tations, effectively distinguishing and preserving invariant features while removing
spurious ones, all without relying on environment labels. We theoretically prove
CIA-LRA’s effectiveness by deriving an OOD generalization error bound based
on PAC-Bayesian analysis. Experiments on graph OOD benchmarks validate the
superiority of CIA and CIA-LRA, marking a significant advancement in node-
level OOD generalization. The codes are available at https://github.com/
NOVAglow646/NeurIPS24-Invariant-Learning-on-Graphs!

1 Introduction

Generalizing to unseen testing distributions that differ from the training distributions, known as Out-
Of-Distribution (OOD) generalization, is one of the key challenges in machine learning. Invariant
learning, which aims to capture predictive features that remain consistent under distributional shifts,
is a crucial strategy for addressing OOD generalization. Numerous invariant learning methods have
been proposed to tackle OOD problems in computer vision (CV) tasks [Arjovsky et al., 2020, [Krueger,
et al., 2021} Bui et al.| 2021} [Rame et al., 2022 |Shi et al.,[2021, Mahajan et al., 2021} Wang et al.,
2022al |Y1 et al.l 2022| [Wang et al., 2022b]. While in recent years, enhancing OOD generalization on
graph data is an emerging research direction attracting increasing attention. In this work, we focus on
the challenge of node-level OOD generalization on graphs.

Straightforwardly adapting the above methods to node-level graph OOD scenarios presents several
challenges: 1) the prediction of a node’s label depends on its neighbored samples in an ego-subgraph,
causing a gap from conventional CV OOD scenarios where samples are independently predicted;
and 2) environment labels in node-level tasks are often unavailable [Wu et al., 2021} [Li et al.| [2023al,
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Liu et al.,[2023]], rendering invariant learning methods based on environment partitioning infeasible.
To illustrate the failure of directly adapting traditional invariant learning to graphs, we evaluate two
representative OOD approaches, Invariant Risk Minimization (IRM |Arjovsky et al.| [2020]) and
Variance-Risk Extrapolation (VREx [Krueger et al.,[2021])), in OOD node classification scenarios. We
choose IRM and VREXx for two reasons: 1) Numerous node-level graph OOD strategies [Zhang et al.}
2021, /Wu et al.| [2021} [Liu et al.} 2023} |Tian et al.,[2024]] utilize VREX as invariance regularization
(details in Appendix [A.2). Therefore, analyzing VREX can cover a significant portion of graph-OOD
methods; and 2) IRM and VREX are two prominent OOD methods that we can theoretically prove
to be effective on non-graph data (Proposition[2.2)). By testing their performance on graph data, we
can better reveal the differences between graph and non-graph data. We choose real-world graph
datasets: Arxiv, Cora, and WebKB; synthetic datasets: CBAS and a toy graph OOD dataset with
spurious correlations between node features and labels for evaluation. From Table [I] we observe
that IRM and VREX offer marginal or no improvement over ERM on both real-world and synthetic
node-level graph OOD datasets. This naturally raises some questions here:

On graphs, why do traditional invariant learning methods fail? How to make them
work again?

To theoretically analyze their failure modes, we build a Struc- Algoriths Large-Cov.Large.Con_Toy

tural Causal Model (SCM) to model the data generation process ERM 5774 5957 336
under two types of distributional shifts: concept shift and covari- IRM 57.59 5946 349
ate shift, and gain a high-level understanding of the challenges VREx 58.46 5983 339
in node-level OOD generalization: To correctly predict a node’s CIA (ours) 59.68 €089 370

label, the structure of a predictive invariant neighboring ego- ~_CA1lRACurs) 6194 6303 1

graph (which we call it a causal pattern) and their invariant  Typje 1: Real-Cov./Con. are aver-
node features must be learned. However, 1d§r.1t1fy1ng the correct  a0e OOD accuracy on the covari-
structure of the causal pattern presents additional optimization ate/concept shift of Arxiv, Cora,
requirements (compared to CV scenarios) for Graph Neural g AS, and WebKB. Toy denotes
Networks (GNNs) since they must adjust the aggregation pa- eqults on our toy synthetic graph
rameters (such as the attention weights in GAT [Velickovic et al.| 00D dataset.

2018]]) to achieve this. IRM and VREX lack class-conditional

invariance constraints, which causes insufficient supervision for regularizing the training of these
aggregation parameters, leading to non-unique solutions of GNN parameters and potentially resulting
in the learning of spurious features. (detailed analysis is in Section [J). To overcome this, we propose
Cross-environment Intra-class Alignment (CIA) that further considers class-conditional invariance
to identify causal patternsﬂ We theoretically demonstrate that by aligning node representations
of the same class and different environments, CIA can eliminate spurious features and learn the
correct causal pattern, as same-class different-environment samples share similar causal patterns
while exhibiting different spurious features. Table[I|shows CIA’s empirical gains. To leverage the
advantage of CIA and adapt it to scenarios without environment labels, we further propose CIA-LRA
(Localized Reweighting Alignment), utilizing localized label distribution to find node pairs with
significant differences in spurious features and small differences in causal ones for alignment, to
eliminate the spurious features while alleviating the collapse of the causal ones. Our contributions
are summarized as follows:

1. By constructing an SCM, we provide a theoretical analysis revealing that VREx and IRM
could rely on spurious features when using a GAT-like GNN (Section [2.2) in node-level
OOD scenarios, revealing a key challenge of invariant learning on graphs.

2. We propose CIA and theoretically prove its effectiveness in learning invariant representations
on graphs (Section [3.1)). To adapt CIA to node-level OOD scenarios where environment
labels are unavailable, we further propose CIA-LRA that requires no environment labels or
complex environmental partitioning processes to achieve invariant learning (Section [3.2)),
with theoretical guarantees on its generalization performance (Section ).

3. We evaluate CIA and CIA-LRA on the Graph OOD benchmark (GOOD) [Gui et al., [2022]]
on GAT and GCN [Kipf and Welling| [2016]. The results demonstrate CIA’s superiority over

2 Although numerous node-level OOD strategies from different perspectives have been proposed such as
GNN architecture design [Wu et al.| [2024]] or feature augmentation [Li et al., 2023b]], we focus on developing
an invariant learning objective that could be integrated into and improve other graph-OOD frameworks in a
plug-and-play manner (validated in Section @, serving as a general solution.



non-graph invariant learning methods, and CIA-LRA achieves state-of-the-art performance

(Section[5.2).

We leave comparisons of our method and existing node-level OOD works in Appendix [A.3]

2 Dissecting Invariant Learning on Graphs

For OOD node classification, we are given a single training graph G = (A, X,Y") containing N
nodes V = {v;}¥, from multiple training environments e € &,. A € {0, 13N is the adjacency
matrix, A; ; = 1 iff there is an edge between v; and v;. X € RY*P are node features. The i-th row

X; € RP represents the feature of v;. Y € {0,1,...,C — 1}* are the labels, C is the number of
the classes. Denote the subgraph containing nodes of environment e as G¢ = (A€, X¢,Y¢), which

follows the distribution p.. Let A¢ € {0, 1}N€ “N and D€ be the adjacency matrix and the diagonal

degree matrix for nodes from environment e respectively, where Df; = 37, _; A%;;, N is the number

of samples in e. Denote the normalized adjacency matrix as A¢ = (D¢ + I Nc)‘%Ae(De +1 Nc)—%,

I e is the identity matrix. Let Ae = A+ (D + INE)—%INe (D® + INe)_%. Suppose the unseen
test environments are ¢’ € Ee. The test distribution p.r # p.Ve' € Ee, Ve € &;. OOD generalization
aims to minimize the prediction error over test distributions.

To understand the obstacles in invariant learning on graphs, we start by examining whether IRMv1
(practical implementation of the original challenging IRM objective, proposed by |Arjovsky et al.
[2020]]) and VREX can be successfully transferred to node-level graph OOD tasks. Their objectives
are as follows:

(ARMv1) minE.[£ (wo ¢(X®),Y ) + BV yjwe1.0L (wo ¢(X),Y°) 3],

w)

(VREX) miél E.[L£ (wo ¢(X®),Y)] + BVar.[L (wo ¢(X°), Y,

wi

ey

where w and ¢ denote the classifier and feature extractor, respectively. (3 is some hyperparameter.

2.1 A Causal Data Model on Graphs

Data generation process. We construct an SCM to character-
ize two kinds of distribution shifts: concept shift (Figure [Ta)
and covariate shift (Figure[Ib). C' and S denote unobservable
causal/spurious latent variables that affect the generation of the
graph G, and dashed F are environmental variables usually
unobservable. We consider a simple case that each node v
in environment e has a 2-dim feature [z2, 227, z1, 22 € R.
Denote the concatenated node features of all nodes in e as (@) ~ concept  (b)  covariate
X, € RV and X§ € RVN"*! corresponding to z} and z2, ~ shift shift
respectively. Eor the SCM in Figure the data generation Figure 1:

process of environment e is

Causal graphs of the
SCMs considered in our work.

Y = (A X 4+ ny, X§ = (A9)"Y° + ny + €, 2)

where k € N7 represents the "depth” (number of hops) of the causal pattern, and m € N7 is the
depth of the ego-graph determining the spurious node features. n,; € RV %! and ny € RV <!
represent random Gaussian noise. €® stands for an environmental variable, causing the spurious
correlations between X§ and Y. A detailed description of the model is in Appendix

How the proposed model considers both node feature shifts and structural shifts? X; represent
invariant node features causing Y'¢. X5 denotes spurious node features that vary with environments.
As for structural shifts, we consider an environmental Ae in Equation l| which means the structure
can vary with environments. For example, there could be a spurious correlation between certain
structures and the label; or, the graph connectivity or size may shift Buffelli et al.| [2022]], Xia et al.

3Due to space limitation, we only present the concept shift case in the main text and leave the covariate shift
case in Appendix @ Our following results in Section [2] hold for both shifts.



[2023]]. We model the invariant structural feature as the structure of a node’s k-layer neighboring
ego-graph. See Appendix [F.2]for more discussions of the structural shifts.

We also have the following assumption about the stability of the causal patterns across environments:

Assumption 2.1. (Stability of the causal patterns) The k-layer causal pattern in Equation (2)) is
invariant across environments for every class c.

A simple multi-layer GNN. Consider a L-layer GNN f parameterized by © =
{317 927 9%(”7 9%(1)7 eé(l)’ 9%(1)}, l= 1a 2; ) L-1

fo(A, X) = HP0, + H6,, where

o 1(1-1)
(10 w)=@ 1 (9

al(l—l)
: 1-1) 2(1—1)
02!~ 63

3
where 6; and 0;-([) are scalars for ¢, j € {1, 2}, V. Hi(l) € RV*D are GNN representations.

Remark. In this GNN, we keep only the top-layer weight matrix [¢; 6] T, and let the weight matrix of
lower layers 1, ..., L — 1 be an identity matrix. This architecture resembles an SGC [Wu et al., 2019].

6, and 65 are for invariant/spurious features, respectively. G%U), 0%(”

1) 0%(’)

are weights for aggregating

features from neighboring nodes and 9%( are weights for features of a centered node, this
setup can be seen as a GAT. When all lower-layer parameters equal 1, the GNN degenerates to a
GCN (see Appendix [F2]for justification of the choice of the GNN).

We consider a regression problem that we aim to minimize the MSE loss over all environments

E.[R(e)] = E, [Enhn? {Hf@(Ae, X°) — Ye||§} } The optimal invariant parameter set O* is

91:1

6, =0 or We{l,.,L—1}stoy? =02" =0
V=100 -1 |=L-1,.L—k+1
01" =0,03" =1, I=L-kL-k-1..1

“

In Equation (EII), the GNN parameters for spurious features (line 2) is zero, whicNh means it removes
spurious node features. Also, it learns the correct depth k of the causal pattern A* X (line 3-4).

2.2 Intriguing Failure of VREx and IRM on Graphs

Now we are ready to present the failure cases in this node-level OOD task: optimizing IRMv1
and VREX induces a model that relies on spurious features X§ to predict, leading to poor OOD
generalization. To illustrate that this failure arises from the graph data, we first prove that IRMv1 and
VREX can learn invariant features under the non-graph version of SCM of Equation (2).

Proposition 2.2. (IRMv1 and VREx can learn invariant features for non-graph tasks, proof is in
Appendix|[G.1.1]) For the non-graph version of the SCM in Equation (Z2)),

YCZX1—|—7L1, X52Y6+7L2+€e, (5)
VREx and IRMv1 can learn invariant features when using a linear network: f(X) = 61X1 + 02Xo.

Now we will give the main theorem revealing the failure of VREx and IRMv1 on graphs.

Theorem 2.3. (IRMv1 and VREx will use spurious features on graphs, informal) Under the SCM
of Equation ({2)), the IRMv1 and VREXx objectives have non-unique solutions for parameters of the
GNN (3), and there exist solutions that use spurious features, i.e. 03 # 0.

Intuitive illustration of the failure. From Theorem[2.3] we find that the main reason for the failure
lies in the message-passing mechanism in representation learning. Let’s provide some key steps in
the proof of the IRMv1 case as an illustration. For the non-graph OOD task Equation (3], we can
verify that when IRMv1 objective is solved, i.e. V,,R(e) = 0 for all e, the invariant solution 65 = 0

) (m= V) =2 L, B = X0 B = X,



leads to (A1)?X| X; — 61 X X; = 0, which can be satisfied when 6 = 1. However, in the graph
case, 05 = 0 leads to

(01)2((Ae)*X ) T (Ae)* X, — 01 ((Ae)FX,) T (Ae)* X, = 0, Ve, (6)

where (A¢€)® X is the learned representation of the GNN, 0 < s < L. k is the depth of the causal
pattern. Now we explain why the invariant solution may not hold on graphs. When the depth
of the learned aggregation pattern s # k, Equation (€) cannot hold for a fixed 6; (since #; will
depend on e then). This means that identifying the underlying structure of the causal pattern imposes
additional difficulty for invariant learning. Moreover, even if the GNN can learn representations of
different depths (e.g. GATﬂ the proof in Appendix shows that IRM failed to provide sufficient
supervision to optimize the aggregation parameters 0%, i,j € {1,2} such that s = k. A similar
analysis holds for VREX. In general, successful invariant learning on graphs requires capturing both
invariant node features and the structure of the causal pattern, while methods like IRM and VREx
that solely enforce a cross-environment invariance at the loss leveﬂ may not be able to achieve these
goals. The formal versions and proof are in Appendix [G.1.3|(IRM) and [G.1.2](VREXx).

3 The Proposed Methods

3.1 Cross-environment Intra-class Alignment

Inspired by the examples of VREx and IRMv1, we aim to introduce additional invariance regular-
ization to guide the model in identifying the underlying invariant node features and structures. We
propose CIA (Cross-environment Intra-class Alignment), which aligns the representations from the
same class across different environments. Intuitively, since such node pairs share similar invariant fea-
tures and causal pattern structures while differ in spurious features, aligning their representations will
help achieve our targets. Denote the representation of node i as ¢g (¢) and the classifier parameterized
by 6}, as hy, CIA’s objective is:

min Ec [L(hg, © po(A°, X)) st min Lon =B, EE i [D(deli),de(i))] ~
60,0 e ol i yens! @)

where Q5" = {(i,7)|i # jAYi =Y; = c A E; = e, E; = €'} is the set of nodes with same label ¢
and from two different environments. D is some distance metric, we adopt L-2 distance in our work.
Now we prove that CIA can learn invariant representations regardless of the unknown causal patterns:

Theorem 3.1. Under the SCM of Equation (2)) and Assumption[2.1] optimizing the CIA objective will
lead to the optimal invariant solution ©* in Equation ({) for parameters of the GNN (3).

The proof is in Appendix [G.1.4] By enforcing class-conditional invariance, which is not considered
in VREx and IRMv1, CIA overcomes the above obstacles and eliminates spurious features. As long
as a GNN has the capacity to adaptively learn the true depth of the causal pattern (such as the one
considered in Equation (3)) or a GAT), CIA can identify the invariant causal pattern.

Remark. One might note that the objective of CIA is analogous to MatchDG |[Mahajan et al.|[2021].
However, we are the first to adapt such an idea to node-level OOD tasks and theoretically reveal its
advantage. In Appendix [A.T} we compare our extension and the original MatchDG in detail.

3.2 Localized Reweighting Alignment: an Adaptation to Graphs without Environment Labels

So far, we have theoretically and empirically validated CIA’s advantage on graphs, but it still requires
environmental labels that are challenging to obtain in most node classification tasks [Wu et al., 2021}
Liu et al} [2023| |Li et al.l [2023a]). In this section, we propose CIA-LRA (Localized Reweighting
Alignment) that realizes CIA’s objective without using environment labels by identifying node pairs
with significant/minor differences in spurious/invariant features and then aligning their representations.
As illustrated in Figure[2] CIA-LRA mainly incorporates three components:

Localized alignment. To avoid learning a collapsed representation of invariant features, it is crucial
to align node pairs that share similar invariant features. To achieve this, we align nodes close to

“If the GNN is a GCN that has a fixed aggregation depth L, i.e. s = L, it will be even impossible to learn the
true causal pattern if we choose an L # k in advance.

SIRM minimizes the loss gradient w.r.t. the classifier in each environment, and VRExX minimizes the loss
variance across environments.
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Figure 2: The overall framework of our proposed CIA-LRA. The invariant subgraph extractor ¢g,
identifies the invariant subgraph for each node. Then the GNN encoder ¢g aggregates information
from the estimated invariant subgraphs to output node representations. CIA-LRA mainly contains
two strategies: localized alignment and reweighting alignment. Localized alignment: we restrict the
alignment in a local range to avoid overalignment that may cause the collapse of invariant features.
Reweighting alignment: to better eliminate spurious features and preserve invariant features without
using environment labels, we assign large weights to node pairs with significant discrepancies in
heterophilic Neighborhood Label Distribution (NLD) and minor discrepancies in homophilic NLD.
See Section @for a detailed analysis of CIA-LRA.

each other (about 2 to 6 hops). This is based on two observations. First, we observe that spurious
features tend to exhibit larger changes within local graph areas than invariant ones, and nodes from
the same class that are too distant may differ more in their invariant features than the closer ones
(evidence in Appendix[D.4). This is because invariant features are generally more stable than spurious
ones, according to [Chen et al., 2022} |Scholkopf et al.l 2021]]. Second, we empirically find that
alignment over an extensive range yields only marginal performance improvements, or even leads to
performance degradation, while increasing computational costs (Appendix [D.3)). This may also be
attributed to the feature collapse caused by excessive alignment of too many node pairs. Formally,
the local pairs are defined as Q.(t) = {(3,j)|i # jAY; =Y; = ¢ A d(i,j) < t}, where d(1, j)
represents the the shortest path length from node v; to v;, t € N* is a hyperparameter. Also, we
propose to assign smaller weights to pairs more distant away from each other.

Reweighting Alignment. Since environment labels are unavailable, we need a metric to reflect the
distribution of the spurious and invariant representations so that node pairs with significant/small
differences in spurious/invariant features can be identified. Since we assume the causal patterns of
the same class are similar (Assumption @), the label distribution of homophilic (i.e., same-class)
neighbors directly affects the invariant features aggregated to the centered node (empirical evidence
in Appendix [D.5.2)). Therefore, pairs with smaller differences in the ratio of homophilic neighbors
should be assigned larger weights for alignment. The ratio discrepancy can be calculated as follows:
e (c); 5 = ‘rf - rcﬁ where 7 is the ratio of the neighbors of v; of class ¢ within L hops (L is the
number of layers of the GNN). As for spurious features, we utilize Heterophilic (i.e., different-class)
Neighborhood Label Distribution (HNLD) as a measurement, as it affects the two kinds of main
distributional shifts on graphs: 1)environmental node feature shifts, and 2)Neighborhood Label
Distribution (NLD) shift (both empirically verified in Appendix [D.5.1)). HNLD determines the first
kind of shift when correlations exist between labels and spurious node features, e.g., concept shift.
The second kind, NLD shift, which is affected by HNLD, can be regarded as a structural shift as the
discrepancy in neighborhood distribution will induce a gap in the aggregated representations (Theorem
[.4shows this shift increases OOD error). Although aligning the representations significantly differing
in homophilic neighbor ratio mitigates these two kinds of shifts, it also leads to the collapsed invariant
representations and suboptimal performance (Table [ shows this effect). Therefore we assign larger



weights to the pair with a larger discrepancy in HNLD when alignment. The discrepancy in HNLD is

’ ’
C C
§ =i

calculated as follows: 7(¢); j = "4, |1

Invariant Subgraph Extractor. In Section[2.1] the structural invariant features are defined as the
k-hop neighboring ego-graph for ease of analysis. However, in practice, the invariant structure may
merely be a subgraph of the neighborhood nodes. To better capture the invariant ego subgraph, we
train an invariant subgraph extractor inspired by |Li et al.|[2023a]. Concretely, we learn an auxiliary
GNN encoder ¢y, (parameterized by 6,,,) to predict an soft edge mask M € RY*¥ and then apply
it during training and test:

M;,; = Sigmoid(¢g,, (i) " e, (7)), Am = A© M. ®)

Now we are ready to present the formal objective of CIA-LRA:
min - L(hg, © po(Am, X)) s.t. min EE i ;  [w;D(¢e(i), 9e(5))],
01,0,0m ©,60m (.)€ (t)
rdiff(c),

Wi,j = Norm (d(@j)'f‘same(C)i,j

) , where Norm(-) denotes a Min-Max normalization.

&)

In practice, we use CIA-LRA as a regularization term added to the cross-entropy loss with a weight A
as a hyperparameter. The detailed training procedure is in Appendix [E]

4 Theoretical Justification: an OOD Generalization Error Bound

Now will derive an OOD generalization error bound to show that optimizing CIA-LRA can minimize
OOD error. To achieve this, we adopt a PAC-Bayesian framework following [Ma et al.l 2021]
and establish a Contextual Stochastic Block Model (CSBM, |Deshpande et al.| [2018]]) for OOD
multi-classification. The proposed CSBM-OOD is as follows (more discussions are in Appendix [F3)):

Definition 4.1. (CSBM-OOD). For node 7 of class ¢ from environment e, its node feature z; € RP

consists of two parts, x; = [miIV; x;]T, where i,y € R? sampled from the Gaussian distribution

N (e, 021) is the invariant feature and zg, € RZ sampled from the AV (u¢, 02I) is the spurious
feature. E] Suppose { .} and {u¢} for any c and e are sets of orthonormal basis. We use p'™ to denote
the homophilic ratio of node i’s one-hop neighbors and use p(c’) to denote the heterophilic ratio of
node i’s one-hop neighbors of class ¢’ (¢ # ¢’). We assume Pr(y; = ¢) are the same, Vc.

The GNN model used for deriving the error bound (following [Ma et al.,[2021]]): The GNN model
has a 1-layer mean aggregation g that outputs the aggregated feature g; € R¥ for node i. The GNN
classifier i on top of g is a ReLU-activated L-layer MLP with W7y, ..., W, as parameters for each
layer. h is from a function family H. The prediction for node i is h; € R with h;[c] representing
the predicted logit for class c. Denote the largest width of all the hidden layers as b.

Notations. Denote nodes of environment e as V,. We consider the error of generalizing from a
mixed training environment e" to any test environment €' € ., where Ver := U,cg, V. represents
all training nodes. To guarantee the generalization, we need to characterize the distance between
Vee and Vu: define €ge v = maxjcy, mingev,, ||g; — g;||2 as the aggregated feature distance
between the training and test subgroup. Define the number of nodes in environment e as N,. We
consider the margin loss of environment e that is used in [Ma et al.| [2021]], Mao et al.| [2023]]:

L2(h) = 5= Lo,ev. Llhi lyi] <7+ maxezy, hilc])

Now we introduce some assumptions adapted from [Ma et al.| 2021 that are used in our proof.
Assumption 4.2. (Equal-sized and disjoint near sets, adapted from Assumption 2 of Ma et al.|[2021]])
For each node v; € Ve, define V¥ := {j € Vee |

ete

|9;i — gjll, < €er e }. For any test environment
e®, assume V(l) of each v; € Ve« are disjoint and have the same size N € N*.

Assumption 4.3. (concentrated expected loss difference, adapted from Assumption 3 of [Ma et al.,
2021]]) Let P be a distribution on H, defined by sampling the vectorized MLP parameters from

SFor OOD scenarios that spurious features are not correlated with Y, we just need to let ;¢ are the same for
all ¢ in the environment e, so this this definition is without loss of generality.
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N (0,021) for some 02 < 1/Seee)
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parameters W', ..., W', define T}, := max;_
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Prpp (gg.é‘*(h) — L22(h) > N3 + HClue o

For any L layer GNN classifier h € ‘H with model

. ||Wi]|,. Assume that there exists some 0 < a <

.....

20
Tffee‘e,e" > %) < e~ New

Now we present the node-level OOD generalization bound (assumptions and proof in Appendix [G.3):
Theorem 4.4. (Subgroup OOD Generalization Bound for GNNs, informal). Let h be any classifier
in a function family H with parameters {Wl };1. Under Assumption and 4.3} for any e €
&, v > 0, and large enough Ny, there exist 0 < a < l with probability at least 1 — 0, we have

£8.(k) < Z1.(h) ZZJI — 1) T (g — ) T e

c=1 c'#c
(a)
C
/
) SCERENPETANE-TD D 99 90 O (LR IL LI
c=1 ir ]EV( i) c=1 c/#c
b
(b) e
(10)
where pl(c'|c) is the ratio of heterophilic neighbors of class ¢ when y; = ¢, Bee =
maxiev.,uv.. ||9ill2 is the maximum feature norm, V,( = {] € Vee | lgi — gjll, < eexr,em}. const

is a constant depending on «, 6, and .

The observations from Theorem f.4]is summarized as follows: Term (a) reflects the separability of the
original features of different classes |[(jtc — per) T3 (1€ — ui‘f)TH and the distance of the aggregated
features €.« r. The former is the nature of the dataset itself, while the latter can be minimized by CIA
and CIA-LRA. Term (b) is the distributional discrepancy between the training and test subgroups,
caused by the distribution shifts in spurious features. When there exist correlations between labels
and spur10us features, CIA-LRA can minimize this term by minimizing the representation distance
of node pairs with large discrepancy in the label distribution of heterophilic nelghborsﬂ Term (c)
measures the shift in HNLD between the training and test subgroups, representing the OOD error
caused by the shift in the aggregated features of the same class. CIA-LRA minimizes this term by
enforcing stronger alignment on pairs with greater HNLD differences.

5 Experiments

5.1 Experiment Setup

We run experiments using 3-layer GAT and GCN on GOOD [Gui et al.,[2022]], a graph OOD bench-
mark. We reported the results on both covariate shift and concept shift. The detailed experimental
setup and hyperparameter settings are in Appendix [C| We compare our methods with the following
algorithms: ERM [Vapnik} [1999]]; traditional invariant learning methods: IRM, VREx, GroupDRO
[Sagawa et al.,[2019], Deep Coral [[Sun and Saenko} 2016], IGA [Koyama and Yamaguchil, [2020];
graph OOD methods: EERM, SRGNN, CIT [Xia et al.||2023]], CaNet [Wu et al., 2024]]; graph data
augmentation: Mixup [Wang et al.|[2021a], GTrans [Jin et al.| [2022].

5.2 Main Results of OOD Generalization

Table 2] reports the main OOD generalization results. The observations are summarized as follows: 1)
CIA-LRA improves the best baseline methods by 2.44% and 3.23% on GAT and GCN, respectively,

7 Although the term | uﬁm — uZ" | is the cross-environment distance of the original data, it can be minimized
implicitly by aligning the representation induced by the two subgroups. This is because minimizing the distance
between learnable representations of two node groups is equivalent to using a fixed mean aggregation on two
groups with closer original features (in Theorem@ we fix the feature extractor to be a mean aggregation layer).



Table 2: OOD test accuracy (%). Our methods are marked in bold. The best and second-best results
are shown in bold and underlined, respectively. The values in parentheses are standard deviations.
’O0M’ denotes Out Of Memory. Results of EERM on Cora GCN marked by **’ are from |Gui et al.
[2022]] since we got OOM during our running.

(a) Results on GAT

Non-graph-specific methods

Covariate shift

Concept shift

Dataset Arxiv Cora CBAS WebKB average ‘ Arxiv Cora CBAS ‘WebKB average
Domain degree time degree word color university | degree time degree word color university
ERM 59.12(0.09)  71.53(0.16) 55.30(0.34) 63.75(0.39) 65.24(2.69) 31.48(6.12) 57.74 ‘ 65.70(0.18)  65.79(0.05) 61.36(0.38) 64.38(0.13) 74.52(1.87)  25.69(1.30) 59.57
IRM 59.16(0.14)  71.60(0.13)  55.07(0.30)  63.75(0.26) 65.24(1.78)  30.69(8.63) 57.59 ‘ 65.79(0.35)  66.24(0.20) 61.42(0.34) 64.31(0.39) 73.33(0.89) 25.69(1.98)) 59.46
VREx 59.10(0.12)  71.41(0.20)  55.34(0.16) 64.13(0.05) 66.67(2.93) 34.13(8.27) 58.46 ‘ 65.94(0.03) 66.16(0.22) 61.77(0.30) 64.02(0.22) 73.57(3.50) 27.52(6.74) 59.83
GroupDRO  59.04(0.15)  71.30(0.04) 55.03(0.45) 63.82(0.06) 67.62(243) 31.75(2.82) 58.09 | 6593(0.22) 66.140.15) 6131(0.20) 64.07(0.25) 7381(1.78) 2691(2.16)  59.70
Deep Coral ~ 59.12(0.10)  71.43(0.12)  55.35(0.45) 63.96(0.07) 64.76(2.43)  33.86(6.93) 58.08 ‘ 65.76(0.21)  66.25(0.19)  61.62(0.26) 64.26(0.28) 75.95(3.21)  30.27(3.26) 60.69
IGA 59.01(0.17)  71.49(0.32) 55.56(0.12) 65.07(0.25) 65.71(5.08)  29.89(6.56) 57.79 ‘ 65.87(0.19)  65.93(0.16) 62.62(0.13) 64.56(0.23) 70.95(3.51)  28.14(2.16) 59.68
MatchDG OOM OOM 55.74(0.25)  65.30(0.11) 67.15(5.08)  35.45(8.10) - ‘ 0OOM OOM 62.91(0.27) 64.83(0.08) 75.24(2.36)  29.36(5.40) -
CIA 59.26(0.04)  71.65(0.25) 56.34(0.35) 65.55(0.19) 69.05(3.75)  36.24(0.75) 59.68 ‘ 65.96(0.07)  66.39(0.25) 62.72(0.22)  64.92(0.28)  74.76(2.63)  30.58(3.12) 60.89
Graph-specific methods
EERM OOM OOM 46.63(1.75)  62.57(0.50) 60.47(4.10)  33.33(14.60) - ‘ OOM OOM 48.05(2.03) 53.02(1.23) 60.95(3.56)  25.38(4.26) -
SRGNN  5876(020) 71.37(0.37) 5587(032) 64.50(0.35) 68.0900.67) 28.84(135) 5791 | 6587(0.35) 66.020.14) 6121(0.29) 64.10(0.28) 7238(1.22) 23.55(1.56) 5886
Mixup 59.32(0.11)  71.78(0.08)  56.77(0.36)  65.70(0.28)  63.33(8.60)  20.37(11.38) 56.21 ‘ 63.11(0.10)  65.33(0.30) 63.97(0.18)  65.42(0.32) 73.33(1.47)  38.53(0.75) 61.62
GTrans OOM OOM 51.49(0.23) 62.48(0.25) 61.90(3.56)  21.69(7.17) - ‘ OOM OOM 60.93(0.37) 62.68(0.28) 73.57(2.10)  25.08(1.88)
CIT OOM OOM 53.13(2.05) 63.76(0.20) 61.43(3.09)  24.60(7.47) - ‘ OOM OOM 60.89(0.36)  63.60(0.48)  70.24(1.68)  24.16(5.26)

CaNet OOM OOM 55.35(0.14)  62.76(0.25) 68.09(1.78) 23.81(15.16) - ‘ OOM OOM 60.97(0.07) 63.73(0.44) 75.95(3.41) 24.77(3.97) -
CIA-LRA  59.44(0.10) 71.79(0.13) 57.95(0.13) 68.59(0.26) 75.24(1.78)  38.62(3.57) 61.94 ‘ 66.41(0.22) 66.47(0.16) 67.08(0.26) 68.05(0.14) 78.34(3.51)  31.80(1.88) 63.03
(b) Results on GCN
Non-graph-specific methods

Covariate shift | Concept shift
Dataset Arxiv Cora CBAS ‘WebKB average ‘ Arxiv Cora CBAS WebKB average
Domain degree time degree word color university | degree time degree word color university
ERM 58.920.14) 7098(0.20) 55.78(0.52)  64.76(030) 78.57(2.02) 16.14(135)  57.52 | 62.92(021) 67.36(0.07) 6024(0.40) 64.32(0.15) 82.14(1.17) 27.520.75)  60.75
IRM 58.93(0.17) 70.86(0.12) 55.77(0.66) 64.81(033) 7857(117) 1375491) 5712 [ 6279(0.11) 67.42008) 61230.08) 64420.18) 8167(0.89) 27.520.75) 6084
VREx 58.75(0.16)  69.80(0.21)  55.97(0.53) 64.43(0.38)  79.05(1.78)  17.72(11.27)  57.62 ‘ 63.06(0.43)  67.42(0.07)  60.69(0.42) 64.32(0.22)  82.86(1.17)  27.52(1.50) 60.98
GroupDRO  58.87(0.00) 7093(0.09) 55.64(0.50)  64.62(030) 79.52(0.67) 14.29259) 5731 | 6298(0.53) 67.41027) 60.59(036) 6434025 8238(0.67) 2844(0.00) 6102
Deep Coral  59.04(0.16)  71.04(0.07)  56.03(0.37) 64.75(0.26)  78.09(0.67)  11.90(1.72) 56.81 ‘ 63.09(0.28)  67.43(0.24)  60.41(0.27) 64.34(0.17)  82.86(0.58)  26.61(0.75) 60.79
IGA 58.87(0.17) 70.99(0.33) 55.94(0.58) 64.89(0.38) 79.05(178) 1587(282)  57.60 | 62.040.02) 66.07(0.19) 61.06(0.36) 6432(0.15) 8238(0.89) 2844(1.50) 6072
MatchDG 0OOM OOM 56.57(0.46) 64.72(0.45)  77.14(1.17)  16.14(5.88) ‘ 0OOM 0OOM 60.49(0.14) 64.71(0.33)  84.05(0.89)  27.83(2.41) -
CIA 59.03(0.39)  7110(0.15) 56.800.54)  65.07(0.52) 80.00(2.02) 18.252.33) 5838 | 63.87(0.26) 67.62(0.04) 61.59(0.18)  64.610.11) 85.71(0.72) 28.75(0.87)  61.83
Graph-specific methods
EERM 0OOM 0OOM 56.88(0.32)*  61.98(0.10)* 40.48(9.78)  16.21(5.67) - ‘ 0OOM 0OOM 58.38(0.04)*  63.09(0.36)* 61.43(1.17) 28.04(11.67) -
SRGNN 58.47(0.00) 70.83(0.10)  57.13(0.25) 64.50(0.35)  73.81(4.71)  16.40(1.63) 56.86 ‘ 62.80(0.25)  67.17(0.23)  61.21(0.29) 64.53(0.27)  80.95(0.67)  27.52(0.75) 60.70
Mixup 57.80(0.19)  71.62(0.11)  57.89(0.27) 65.07(0.22)  70.00(5.34) 16.67(1.12) 56.51 ‘ 62.33(0.34)  65.28(0.43)  63.65(0.37) 64.45(0.12)  65.48(0.67)  30.28(1.50) 58.58
GTrans 0OOM 0OOM 52.70(0.52) 63.37(0.27)  72.38(2.43)  10.58(0.99) - ‘ 0OOM 0OOM 59.74(0.14) 63.56(0.18)  78.81(1.47)  26.91(1.56)
CIT OOM 0OOM 56.14(0.45) 64.79(0.29)  75.24(2.43)  19.31(4.32) ‘ 0OOM 0OOM 60.12(0.30) 64.26(0.42)  83.10(0.89)  28.14(1.14)
CaNet 00M 00M 57.35(0.04)  64.66(0.36) 80.95(0.67)  15.61(5.51) - | oom 0OM 60.34(020)  64.65(0.39) 85.24(3.32)  26.30(0.43) -
CIA-LRA  59.85(0.14) 71.81(0.20)  58.40(0.59) 65.95(0.04)  82.86(1.17)  19.84(2.83) 59.79 ‘ 64.34(0.65)  67.52(0.10)  63.71(0.32) 65.07(0.21)  94.53(0.33)  36.70(0.75) 65.31

achieving state-of-the-art performance. 2) CIA outperforms IRM and VREX on all splits, which
validates our theoretical findings in Section[2] Notably, it performs best among the non-graph-specific
methods. 3) CIA-LRA improves CIA in most cases. This suggests that our reweighting strategy can
enhance generalization on graphs even without environment labels. 4) MatchDG outperforms IRM
and VREXx on 12 out of 16 splits but underperforms CIA on average (averaged over 16 splits except

on Arxiv, CIA: 57.56, MatchDG: 56.73).

5.3 CIA can be Integrated into and Improve other Graph-OOD Methods

We replace VREx with CIA in the loss function of EERM
to show that CIA can improve generalization in a plug-and-
play manner. Table [3| shows that this improves original
EERM by a large margin or has comparable performances,
indicating the performance of node-level OOD algorithms

can be limited by VREXx.

5.4 Empirical Understanding of the Role of CIA-LRA P

Algorithms ~ Cora degree  Coraword CBAS WebKB
EERM 47.34 57.80 60.71 29.36
EERM-CIA 57.27 62.37 65.01  29.50
CIA 59.53 65.24 7191 3341

Table 3: By replacing VREx in EERM

with CIA (marked as EERM-CIA), the

erformance is significantly improved.

A synthetic dataset. We construct a synthetic dataset (mentioned in Section|[I)) to validate the role of
each module in CIA-LRA in eliminating spurious features and preventing the collapse of invariant
representations. We generate a random graph and create a 4-class OOD classification task. Each
node has a 4-dim feature, with the first/last two dimensions representing invariant/spurious features
(details in Appendix |C.3)), so we can disentangle the learned invariant and spurious representations.



Figure [3] depicts the OOD accuracy, the variance of the invariant representation, and the norm of
the spurious representation across training epochs for CIA and CIA-LRA. The observations are
summarized below.

Pyt ki AN o —ocn
o] 01 N\ on -
*EL - \f 5 ] N\ —— CIALRA Algorithms Acc. (%)
8 V \ gnm \ S IRM 61.14
=87\ \ == VREx 61.32
5] - !
&) R no rif(c); ; 63.22
o, prg—— 6391
1
. 0 7555 63.64
% - — no M 63.39
=) g \\\ use 7%™¢(c); ; in numerator  62.70
S ‘ — full CIA-LRA 65.42
] \
U w“‘\/.m ‘‘‘‘‘‘

Table 4: Ablation study

. . . . . of CIA-LRA. Results are
Figure 3: Left: OOD test accuracy. Mid: the variance of the invariant averaged on the four

representation. Right: the norm of the spurious representation. CIA splits of Cora.
and CIA-LRA use A = 0.5 in this figure.

1) Aligning the large discrepancy in HNLD helps to eliminate spurious features on concept shift
and improves generalization. As evident from the right column, incorporating r% diminishes
the norm of spurious features under concept shift. For covariate shift, while r%" will not remove
environmental spurious features due to their independence from labels, it still helps generalization
since it reduces the error caused by shifts in HNLD as predicted by Theorem #.4] 2) CIA-LRA
alleviates collapse of causal representation that CIA may suffer when adopting a substantial A. When
using a large A (= 0.5), the performance of CIA deteriorates to the level of random guessing (25%)
after approximately 50 epochs. In contrast, CIA-LRA sustains its accuracy at a high level because it
avoids excessive alignment by aligning only local pairs and reweighting (further evidence in Appendix
[D.2). The mid column shows that the invariant features learned by CIA progressively collapse, even
if CIA removes most spurious features (right column). 3) Maintaining the discrepancy in homophilic
neighboring label distribution **™¢ helps keep the variance of the invariant representation, slightly
improving performance.

o s 100 150 0 50 100 150
Epoch Epoch

Ablation study. We also conduct ablation studies on CIA-LRA. Table ] shows that removing any
module causes a significant performance drop, demonstrating the effectiveness of each module.

5.5 Effects of the Hyperparameters of CIA-LRA

Test acc. (%)
This section analyzes the effect of A and ¢ of I 266 63ied 6224 61.96
CIA-LRA. Figure@ shows that the test accuracy 3 64.27 63.62 62.43 62.10 Zj:z El 56,94 55.88 55.70 55.29 55.06
increases with A when A < 0.5. Too small ¢
leads to a sub-optimal performance due to insuf-
ficient regularization from aligning only a few
pairs. Also, most parameter combinations out-
perform the baseline methods, indicating that
CIA-LRA leads to consistently SU.pCI‘iOI' perfor- (a) Cora degree concept (b) Cora degree covariate
mance. Additional studies of the effects of A shift. ERM: 61.36, VREXx: shift. ERM: 55.30, VREx:
and ¢ are in Appendix [D.2)and [D.3] respectively. ~ 61.42, IRM: 61.77. 55.07, IRM: 55.34.

Test acc. (%)

R IPE 56.58 56.04 55.63 55.06 54.91

b 64.0
84 6362 6229 6103 [l INEERR 56.71 5673 55.80 55.17 55.07 [l
2

63.0

5 63.53 62.10 61.99 56.88 56.30 55.60 55.11 56.0

62.5

6 63.36 62.32 62.07 62.0 57.18 56.18 55.79 55.12
61.5

05 01 005 001 0.005 05 01 005 001 0.005
A A

Figure 4: Effect of A and the number of hops ¢ on
6 Conclusion OOD test accuracy (%).

In this work, by theoretically dissecting the failure of IRM and VREX in node-level graph OOD tasks,
we attribute it to the difficulty in identifying the graph-specific causal pattern structures. To address
this, we propose CIA with additional class-conditional invariance constraints and its environment-
label-free variant CIA-LRA tailored for graph OOD scenarios. Further theoretical and experimental
results validate their efficacy. Notably, CIA can be incorporated in other graph OOD frameworks,
serving as a better invariant learning objective than the widely-used VRExX on graphs.
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A Additional Related Works

A.1 Invariant Learning for OOD Generalization

Invariant learning seeks to find stable features across multiple training environments to achieve OOD
generalization [Arjovsky et al.,[2020, Krueger et al., 2021} [Bui et al.,[2021, [Rame et al., 2022} Shi
et al.| 2021} [Mahajan et al.l [2021] [Wang et al.| 20224, |Yi et al., 2022, Wang et al., 2022b|]. IRM
[Arjovsky et al.,2020] and VREX are two of the most well-known methods. The goal of IRM is
to learn a representation that elicits a classifier to achieve optimality in all training environments.
VREX [Krueger et al.,[2021] reduces the variance of risks across training environments to improve
robustness against distribution shifts. Mahajan et al.|[2021]] argues that the invariant features can
also change across environments. Hence, they proposed MatchDG to align the representations of the
so-called same "object" of different environments. To the best of our knowledge, we are the first work
to theoretically analysis the limitations of IRM and VREx in OOD node classification problems.

It’s worth emphasizing that although the CIA objective is similar to MatchDG |Mahajan et al.| [2021]],
our extensions of MatchDG on graphs are non-trivial:

1) The extensions from MatchDG to CIA are mainly theoretical.

* We extend the idea of MatchDG to the node-level OOD task by providing a theoretical char-
acterization of CIA’s working mechanism on graphs (Theorem [3.T)), revealing its superiority
in node-level OOD scenarios for the first time.

* We establish the connection between node-level OOD error and two kinds of distributional
shifts: (1) environmental node feature shifts and (2) the heterophilic neighborhood label
distribution shifts (see Theorem [4.4), giving further explanation of CIA and CIA-LRA’s
performance gain in node-level OOD generalization.

2) The methodological extensions of CIA-LRA:

* It identifies the node pairs with significant differences in spurious features without using
environment labels, providing a new perspective that the widely adopted environment
partition paradigm Wu et al.|[2021], | Yu et al.|[2023], L1 et al.| [2023blal 2022a], Liu et al.
[2023]] may not be necessary for node-level OOD generalization. One can remove spurious
features by leveraging neighboring label distributions (analysis in Section [3.2)), shedding
light on the role of neighborhood label distribution as compensation for the absence of
environment labels.

e It’s the first node-level OOD method explicitly considering the OOD error caused by shifts
in heterophilic neighborhood label distribution, (pointed out by term (c) in Theorem §4.4)).
Such shifts can be regarded as a kind of structural shift that has been first observed in Mao!
et al.| [2023].

* It’s the first node-level OOD method using homophilic neighborhood label distribution
to reflect the find-grained distribution of the invariant features, avoiding the collapse of
invariant features.

A.2  Graph-OOD Works Using VREx and Similar Variants

We summarize the graph-OOD works that include VREx or IGA as part of the training objectives
below. Node-level works, which can be covered by our analysis:

* EERM [Wu et al.,|2021]], Equation (5):

H}ginVar ({L (ng(G),Y;O) 1<k<K})+

N\@

K
> L ), Y;0), (D)
k=1

where g,; (G) is the generated k-th environment.
« INL [Li et al.| 2023a], Equation (8):
Ee supp(nme )RS (f (Gv),y30) + A trace (Varg,

where Ejprer 1S the inferred environment label.

(VoR?)), (12)

nfer
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* FLOOD [Liu et al.,|2023]], Equation (12):
GHH% Etrain = E(aa w) + aRV—REx(wa 7/}) (13)
* [Zhang et al|[2021]] Equation (10):
N\ 2
Lo = D (L0 — L0 ) (14)
e, e’ €€

as they claimed: "We note that minimizing the pair-wise distance of losses as defined in
Equation 10 is equivalent to minimizing the variance of losses."

e GLIDER [Tian et al.,2024]], Equation (9):
min Ve [¢(fe (9 (G7)) yp)] + aBe [ (fe (9 (G7)) , wy)] (15)
Graph-level works, which are not covered in our analysis:
* LiSA [Yu et al.|[2023]], Equation (15):

H}in £cls (fv {9?]’?:1) + Vare (‘Ccls (fv g:)) ai =1~ n, (16)

where g are the augmented training subgraphs of representing different environments.

* G-splice [Li et al.,|2023b|], Equation (6):

P* = argfinE(G,y)wge{gugA}PE [0 (fp(G),y)]+7 Varegeueay [Eay~prt (fo(G),y)],

a7
where £4 are the augmented environments.
* GIL [Li et al.,2022a], Equation (8):
EeEsupp(Smfcr)Re (f(G)a Y7 9) + Atrace (Varfinfer (veRe)) ) (18)

where Eprer 1S the inferred environment label.

A.3 Comparison with Existing Node-level OOD Generalization Works

Among the graph OOD methods, one line of research focuses on the node-level OOD generalization
[Wu et al., 2021} |Liu et al., 2023} |Zhu et al., 2021} L1 et al., [2023al |X1a et al.,|2023]]. We summarize
the drawbacks of previous node-level OOD methods as follows. 1) it is hard for environment-
inference-based methods to generate reliable environments. To generate environments, FLOOD |Liu
et al.| [2023]] uses random data augmentation that lacks sufficient prior. EERM Wau et al.| [2021]]
generates environments by maximizing loss variance, which may not necessarily enlarge differences
in spurious features across environments that have been proven to be crucial for invariant learning
Chen et al.|[2023a]. Also, the adversarial learning of its environment generation process may lead to
unstable performance (Table[2)) and high training costs. INL[Li et al.| [2023a] relies on an estimated
invariant ego-graph of each node, whose quality could significantly affect performance. Moreover,
all these methods need to manually specify the number of environments, which could be inaccurate.
2) previous node-level invariant learning objectives also have some limitations. For instance, Zhang
et al.[[2021]], Wu et al.| [2021]], [Liu et al.|[2023]], Li et al.|[2023a]], Tian et al.| [2024]] adopts VREx
Krueger et al.|[2021]] as their invariance regularization. However, we theoretically prove its potential
failure on node-level OOD tasks in Section[2.2] SRGNN [Zhu et al.,[2021]] only aligns the marginal
distribution p(X') between the biased training distribution and the given unbiased distribution, which
has been proved to have failure cases [Johansson et al.|2019]. 3) some work are based on intuitive
guidelines and lacks theoretical guarantees on the OOD generalization performance Liu et al.|[2023]],
Zhu et al.[[2021], Yang et al.|[2023]]. Our proposed CIA-LRA achieves invariant learning without
complex environment inference that could be unstable through a representation alignment manner.
Additionally, we provide theoretical guarantees for our invariant learning objective and empirically
validate its working mechanism.
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A.4 Graph-level OOD Generalization

There has been a substantial amount of work focusing on the OOD generalization problem on graphs.
The vast majority have centered on graph classification tasks[|Chen et al., [2022}, 'Wu et al., 2022al [Li
et al.;|2022a, |2023b| |Yang et al., 2022, |Yu et al.| [2023} |Chen et al.| 2023a} Buffelli et al., 2022} [Jia
et al.||2023| L1 et al.,|2022b\ |Chen et al., 2023b, 2024, Gui et al., 2024]]. Most works aim at identifying
the invariant subgraph of a whole graph through specific regularization so that the model can use it
when inference. Compared to node-level OOD generalization, the graph-level one is more akin to
traditional OOD generalization, as the individual samples (graphs) are independently distributed. We
focus on the more challenging node-level OOD generalization in this work.

B Additional Theoretical Results of the Covariate Shift Case

B.1 Theoretical Model Setup of the Covariate Shift Case

In this section, we will extend our theoretical model in the main text to the covariate shift setting.
The causal graph of the covariate shift is shown in Figure[Ib] For the covariate shift setting, spurious
features are independent of Y, while X changes with environment e. Thus we can model the data
generation process for environment e as

Ye = (49X +n1, X§=ng+ e, (19)

where the definition of n; and ny are the same as Section [2} €® represents environmental spurious
features. € (each dimension of €°) is a random variable that are independent for i = 1,..., N¢.
We assume the intra-environment expectation of the environment spurious variable is Ec, ~p, [€;] =
1¢ € R since spurious features are consistent in a certain environment. We further assume the cross-
environment expectation E [¢°] = 0 and cross-environment variance V.[e¢] = 02,i = 1,..., N for
simplicity. This is consistent with the covariate shift case that p(X) can arbitrarily change across
different domains, and the support set of X may vary. Also, we require L > k to ensure the GNN
has enough capacity to learn the causal representations.

B.2 Theoretical Results of the Covariate Shift Case

Now we will present similar conclusions as the concept shift case. Even if VREx and IRMv1 can
successfully capture invariant features in the non-graph task, they induce a model that uses spurious
features. Still, CIA can learn invariant representations under covariate shift.

Proposition B.1. (VREx and IRMvl1 learn invariant features for non-graph tasks under covariate
shift, proof'is in Appendix|G.2.1) For the non-graph version of the SCM in Equation (19),

Ye:X1+n1, X§:n2+ee, (20)
Optimizing VREx ming Lygg, = V[R(€)] and IRMvI ming Ligy; = E€[||Vw|w:1.0R(e)||2] will
learn invariant features when using a I-layer linear network: f(X) = 61X + 63 X5.

Proposition B.2. (VREx will use spurious features on graphs under covariate shift) Under the
SCM of Equation ([19), the objective ming V.[R(e)] has non-unique solutions for parameters of the

GNN (3) when part of the model parameters {0%(”, 9%(1), 03 (l), 95(1)} take the values

=100 =1, |=L-1,.,L-s+1
Q=14 01V =00"=1 1=L-sL-s-1,..,1, 1)
ol =002 =1, 1=0-1,..,1
0 < s < L is some positive integer. Specifically, the VREx solutions of 01 and 0y are the sets of

solutions of the cubic equation, some of which are spurious solutions that 0 # 0 (although 05 = 0 is
indeed one of the solutions, VREX is not guaranteed to reach this solution):

{ 6102(20192 + (92)2 — 2020’292) + 6392 - EG[N6}61029192 + Ee [Ne]620'292 =0

[C392 — Ee[Ne]01029192 + EE[NE]ngzag} Cq4 — 05(92)2 =0 (22)

where ¢, = IE[(/I‘ESXl)T(/I‘fSXl)], co = E[(A‘fSXﬁT(A@le)L c3 = Ee[ﬁeTe%eT(/IesXﬂ]o‘Q,
s = E. [((Ae)kxl)TlNe} o2, c5 = E. [Ne (tr((A‘e’“)TAe’“) +Ne(1+ 02))}.
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Proposition B.3. (IRMv1 will use spurious features on graphs under covariate shift) Under the
SCM of Equation @, there exists s € N7 that satisfies 0 < s < L and s # k such that optimizing
the IRMvI objective ming Ec|||V yw=1.0R(€)||?] will not lead to the invariant solution 05 = 0 for

parameters of the GNN (3)) when {6?%(”7 9%(1), 02 (l), 93(”} take the special solution:

=100 =1 1=L-1,.,L-s+1
O =14 01V =002"=1 1=L-sL-s-1.,1 . (23)
01V =002 =1, 1=L—-1,..,1

5 PREEY)

Proposition B.4. Optimizing the CIA objective will lead to the optimal solution ©*:

01" =1,62" =1, I=L—1,. L—k+1 @4

9%(1):09%(1):17 l=L—-k,L—-Fk—-1,..,1

C Detailed Experimental Setup

C.1 Basic Settings

All experimental results were averaged over three runs with different random seeds. Following [Gui
et al.,|2022], we use an OOD validation set for model selection.

GAT experiments. For experiments on GAT, we adopt the learning rate of 0.01 for Arxiv, 0.001 for
Cora, 0.003 for CBAS, and 0.1 for WebKB. The reason why we didn’t use the default learning rate
in [Gui et al.; 2022] is that since the original GOOD benchmark didn’t implement GAT, so we chose
to tune a learning rate for adapting GAT to reach a decent performance. The settings of batch size,
training epochs, weight decay, and dropout follow [|Gui et al., 2022].

GCN experiments. For experiments on GCN, we follow the default settings of batch size, training
epochs, learning rate, weight decay, and dropout provided by |Gui et al.|[2022].

It’s worth mentioning that we choose different normalization strategies for the invariant edge mask of
CIA-LRA to achieve better performance for GCN. In Equation (8), we use Sigmoid as normalization.
However, we find it is better to use a Min-Max normalization for GCN on some of the datasets.
Specifically, for experiments on GCN, we use Sigmoid normalization for CBAS, Arxiv (time concept);
Sigmoid for training and Min-Max for testing for WebKB (covariate); Min-Max normalization for
the other dataset splits. For GAT, we use Sigmoid during training and testing for all datasets.

C.2 Hyperparameter Settings of the Main OOD Generalization Results

Most hyperparameter settings are adopted from [Gui et al.| 2022, except that for EERM we reduce
the number of generated environments from 10 to 7 and reduce the number of adversarial steps from
5 to 1 for memory and time complexity concerns. For each method, we conduct a grid search for
about 3~7 values of each hyperparameter. The hyperparameter search space is presented in Table 5]

C.3 Details of the Toy Dataset

Now we introduce the setting of the toy synthetic task of Figure[3] The synthetic dataset consists of
four classes. Each node has a 4-dim node feature. The first/last two dimensions correspond to the
invariant/spurious feature for each of the four classes, as shown in Table[6a]and [6b] We artificially
create both concept shift and covariate shift in this dataset.

To explicitly disentangle the learned invariant and the spurious components for quantitative analysis,
we employ a 1-layer GCN. We take the output of the first/last two dimensions of the weight matrix as
the invariant/spurious representation.

18



Table 5: Hyperparameter setting of the experiments.
Algorithm  Search Space
IRM A=0.1, 1, 10, 100
VREXx A=1, 10, 100, 1000
GroupDRO  A\=0.001, 0.01, 0.1
Deep Coral  A=0.01,0.1, 1

IGA A=0.1, 1, 10, 100
Mixup a=04,1.0,2.0

$£=0.5,1,3

number of generated environments k=7
EERM adversarial training steps t=1

numbers of nodes for each node should be modified the link with s=5
subgraph generator learning rate r=0.0001, 0.001, 0.005, 0.01

SRGNN 0.000001, 0.00001, 0.0001

GTrans feature learning rate 7,=0.000005, 0.00001, 0.0001
structure learning rate r9=0.01, 0.1
& optimization steps t=5, 10

CIA A=0.0001, 0.0005, 0.001, 0.005, 0.01, 0.05, 0.1 (GCN)
A=0.0001, 0.0005, 0.001, 0.01, 0.05 (GAT)

A=0.001, 0.005, 0.01, 0.05, 0.1 (GCN)

edge mask GNN learning rate 7=0.001 (GCN + Arxiv, Cora, CBAS); r = 0.1 (GCN + WebKB)
A=0.005, 0.05, 0.1, 0.5 (GAT)

edge mask GNN learning rate 7=0.0001 (GAT)

hops t=2,3,4,5,6

CIA-LRA

Table 6: Information of the toy dataset of Figure

(a) The invariant part (the first two dimensions) of the (b) The spurious part (the last two dimensions) of the

node features in the synthetic dataset. nodes features in the synthetic dataset.
class 0 class 1 class 2 class 3 concept shift covariate shift
class 0 class 1 class 2 class 3
N((1,1),I) N((-1,1),I) N((-1,-1),I) N((1,-1),1) waining | N((3:3).1)  N((-3.3.1) N(-3,-3).1) NG -3).1) N(22).1)
waining2  N((—3,8),1)  N( NG -3)0)  N((3.3).1)  N(&A),1)
et N(—3.-3).0) N(G.—3,1)  N(G.3.1)  N(=3.3.1) N((6.6),1)

D Additional Experimental Results

D.1 Excessive Alignment Leads to the Collapse of the Invariant Features.

One may wonder why CIA underperforms CIA-LRA even if CIA uses the ground truth environment
labels. In this section, we will show that CIA may suffer excessive alignment, which will lead to
the collapse of the learned invariant features and consequently hurt generalization. We use the intra-
class variance of the representation corresponding to invariant features (averaged over all classes)
to measure the degree of collapse of invariant features. Base on this measurement, the excessive
alignment can be caused by:

1) Using a that is too large. Evidence: on the toy dataset of Figure[3] a larger A leads to smaller
intra-class variance of invariant representations. We also compute the intra-class variance of invariant
representations at epoch 50 on the toy dataset,

2) Aligning the representations of too many nodes. Evidence: we show that aligning fewer node
pairs can alleviate the collapse of invariant representation. By modifying CIA to align local pairs
(same-class, different-environment nodes within 1 hop), termed "CIA-local", the results in Table
show that when by aligning local pairs instead of all pairs, CIA-local avoids the collapse that CIA
suffers and achieves better performance.

D.2 CIA-LRA Alleviates Representation Collapse Caused by Excessive Alignment

In Figure [5] we illustrate the impact of A on OOD accuracy. Both CIA and CIA-LRA experience
a performance decline at A = 0.5, indicating that excessive alignment can hinder generalization.
Furthermore, CIA shows an earlier and more pronounced performance drop than CIA-LRA. This
suggests that the CIA-LRA method mitigates representation collapse by aligning fewer pairs and
selectively focusing on pairs with smaller differences in invariant features.
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Table 7: Experimental evidence of the factors that can cause the collapse of the learned invariant
representations.

(a) Using a that is too large can cause the collapse.(b) Aligning the representations of too many nodes
The intra-class variance of invariant representations on can cause the collapse. Accuracy and the variance

the toy dataset of FigureE]at epoch 50. of the invariant representations on the toy dataset of
Figure [3]at epoch 200.
CIA A=005 A=01 A=05
variance of the invariant representation 0.061 0.039 0.011 CIA  CIA-local
Concept shift, accuracy 0.253 0.354
Concept shift, variance of the invariant representation ~ 0.0003 0.2327
Concept shift, accuracy 0.250 0.312

Concept shift, variance of the invariant representation 0.0002 0.1699
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(a) Cora degree concept (b) Cora degree covariate (c) CBAS color concept (d) CBAS color covariate

Figure 5: The effect of A on OOD accuracy. CIA exhibits an earlier and more severe performance
drop than CIA-LRA, demonstrating that CIA-LRA can alleviate the feature collapse caused by
excessive alignment.

The role of CIA-LRA in alleviating the collapse of the invariant features can also be reflected in
Figure [6] in which the representation learned by CIA collapsed to a compact region. However,
CIA-LRA does not exhibit such collapse, maintaining the diversity of the causal representation.

(a) ERM (b) CIA (c) CIA-LRA (d) CIA-LRA w/o %™

Figure 6: Visualization of the learned representations at epoch 100 on the toy dataset (concept shift).
Classes are distinguished by color. A = 0.5 for CIA and CIA-LRA.

D.3 Effect of the Number of Hops for Localized Alignment

In Figure[7] we plot the OOD accuracy curve of CIA-LRA against the number of hops ¢ for localized
alignment (with A = 0.05). CIA-LRA achieves optimal performance within a local range of 6 to
10 hops. Performance is notably lower at smaller hops (f = 2), due to limited regularization from
aligning only a few pairs of representations. As ¢ increases, performance gains diminish and can even
degrade, particularly on the CBAS color covariate. This underscores the importance of localized
alignment: optimal OOD performance is attained by aligning nodes within about 10 hops. Extending
the alignment range further does not enhance performance significantly and may lead to performance
drops and higher computational costs. These findings support the hypothesis in Appendix [D.4] that
invariant features distant on the graph differ substantially, and their alignment could induce invariant
feature collapse, leading to a suboptimal generalization performance.

D.4 Discussion and Validation of the Assumption on the Rate of Change of Causal and
Spurious Features w.r.t Spatial Position

To verify the intuition presented in Section [3.2]that spurious features exhibit larger changes within a
local range (about 5 to 10 hops) on a graph compared to invariant features, we conduct experiments
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Figure 7: The effect of the number of hops ¢ for localized alignment on OOD accuracy. Too small ¢
will lead to suboptimal performance. Too large ¢ brings limited performance gain or even deteriorates
the performance.

on real-world datasets Arxiv and Cora. To extract invariant features, we use a pre-trained VREx
model and take the output of the last layer as invariant featuresﬂ To obtain spurious features, we
train an ERM model to predict the environment label and take the output of the last layer as spurious
features. For each class, we randomly sample 10 nodes and generate corresponding 10 paths using
Breadth-First Search (BFS). We extract invariant and spurious features of the nodes on each path
and plot the L-2 distances between the node representations on the paths and the starting node. The
results of Cora are in Figure[8]and[9] and the results of Arxiv are in Figure[I0]and[TT] We chose some
of the classes to avoid excessive paper length; the results for the other classes are similar.

We observe that: despite the curve’s slight fluctuations, the invariant feature difference shows a
clear positive correlation with the distance from the starting point. Specifically, within about
5~10 hops, the changes of spurious features grow more rapidly than those in invariant ones. This
insight led us to align the representations of adjacent nodes to better eliminate spurious features and
avoid the collapse of the invariant features. This also explains why we add a weighting term d(3, j) in
our loss function to assign smaller weight node pairs farther apart. Additional experimental evidence
supporting the importance of localized alignment is in Appendix [D.3] which shows that alignment
over a large range may lead to suboptimal performance and increasing computational costs.

This assumption aligns with those adopted in a series of previous works on causality and invariant
learning [[Chen et al.l 2022| Burshtein et al., |1992, Scholkopf] [2022} |Scholkopf et al., |2021]]. These
works assume that invariant features are better clustered than spurious features. In the node-level
graph OOD scenario, we observe this phenomenon primarily within local parts of a graph. In some
cases, when two nodes are too far apart, their invariant features can vary more than the spurious
features, as seen in Figure@ (a) path 1,2,4,6,9 and 10. Therefore, matching the representations in a
local region helps alleviate the invariant feature collapse problem.

D.5 Discussion and Validation of the Assumption on the Feature Distance and Neighborhood
Label Distribution Discrepancy

D.5.1 Heterophilic Neighborhood Labels Distribution Reflect Spurious Feature Distribution

In this section, we will empirically validate the key intuition of CIA-LRA: the label distribution of
the neighbors from different classes (which we call Heterophilic Neighborhood Label Distribution,
HNLD) reflects the spurious representation of the centered node. In node-level OOD scenarios, the
distributional shifts of spurious features originate from two main sources: (1) the shifts in spurious
node features associated with environments, and (2) the shifts in Neighborhood Label Distribution
(NLD), which affects the aggregated representation of the centered node. The first type of spurious
feature is analogous to those defined in Computer Vision (CV) OOD domains, while the second type
is specific to graph structures. The NLD shift is a more general instance of the graph heterophily
problem [Ma et al., [2022| Huang et al., [2023, Mao et al.l [2023]], where changes in the ratio of
homophilic neighbors from training to test graphs can degrade performance. This occurs because
the changes in the homophilic ratio lead to the distributional shift in the aggregated representation
of the same-class nodes. Most previous methods [Ma et al., [2022, [Huang et al., [2023] [Mao et al.,

8though we reveal in our theory that VREx may rely on spurious features, we still use VREx here to
approximately extract invariant features as many previous graph OOD works have done since VREX already
demonstrated some advantages in their works

21



Figure 8: Visualization of the rate of change of invariant features and spurious features on Cora (part

1.
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Figure 9: Visualization of the rate of change of invariant features and spurious features on Cora (part

2).
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Figure 10: Visualization of the rate of change of invariant features and spurious features on Arxiv
(part 1).
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Figure 11: Visualization of the rate of change of invariant features and spurious features on Arxiv
(part 2).
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Figure 12: The relationship between the distance of the aggregated neighborhood representation and
distance of HNLD on Cora word domain, covariate shift. Each sub-figure is a class, and each dot
in the figure represents a node pair in the graph. The red line is obtained by linear regression. The
positive correlation is clear.

2023 only focus on the binary-classification setting, where changes in the homophilic neighbor ratio
are equivalent to changes in the heterophilic neighbor ratio. However, we consider the more general
multi-classification tasks. Therefore, we propose to use HNLD as a measurement, considering every
class different from the central class and using their distribution to reflect shifts in the aggregated
representation. Although the ratio of homophilic neighbors also affects environmental spurious
features and NLD, it affects the invariant representation as well. Assigning larger weights to the
pair with significant differences in the ratio of homophilic neighbors will simultaneously eliminate
environmental spurious features and learn a collapsed invariant representation. As evidenced in Table
moving the 7™ (c); ; to the numerator of Equation @) will lead to a significant performance

decrease. Hence we use e instead of 7%*™°(c); ; in wj;.

In the following part, we will empirically validate our intuition that HNLD can reflect the two spurious
representation distributions on concept shift, where p(Y | X) varies across environments, and covariate
shift, where p(X) changes with environments, respectively. We will show that HNLD affects the
spurious features of the centered node in different manners under concept shift and covariate shift.

Covariate shift. For covariate shifts on graphs, since spurious features are not necessarily correlated
with labels, the environmental spurious features cannot be reflected by HNLD. However, we can still
measure how HNLD affects the aggregated neighborhood representation. To obtain neighborhood
representation, we train a 1-layer GCN that aggregates neighboring features and discards the features
of the centered node. We hope to observe whether the gap of HNLD accurately reflects the distance of
neighborhood representation. To ensure that the discrepancy in the aggregated neighboring feature is
caused solely by heterophilic neighbors, we only use point pairs with the same number of homophilic
neighbors. Specifically, we compute the L-2 distance between the neighborhood representations
of two nodes with the same number of class-same neighbors, and plot its trend w.r.t. the distance
of HNLD (according to the definition of 7{'fl in Equation ‘@), except that we didn’t normalize by
the node degree here). We run experiments on Cora to verify this. We evaluate on both word shifts
(node feature shifts) and degree (graph structure shifts) for a comprehensive understanding. We
show the results of the first 30 classes of Cora. The results in Figure 12 and [I3]show a clear
positive correlation between the neighborhood representation distance and HNLD discrepancy
under covariate shifts, indicating HNLD discrepancy can reflect the distance of the aggregated
representation.
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Figure 13: The relationship between the distance of the aggregated neighborhood representation and
distance of HNLD on Cora degree domain, covariate shift. The positive correlation is clear.

Figure 14: The relationship between the distance of environmental spurious features and distance of
HNLD on Cora word, concept shift. The positive correlation holds for most classes.

Concept shift. As for concept shift, spurious features are correlated with labels, thus the label of a
node contains information about spurious features correlated with this class. Hence, by observing
HNLD, we can measure the distribution of the spurious feature. For concept shift, we train a GNN
to predict environment labels to obtain spurious representations. Table [14] and [I5] also show a
clear positive correlation between spurious feature distance and HNLD discrepancy on concept
shift, indicating that HNLD discrepancy can reflect the distance of the environmental spurious
features.
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Figure 15: The relationship between the distance of environmental spurious features and distance of
HNLD on Cora degree, concept shift. The positive correlation holds for most classes.

D.5.2 Homophilic Neighboring Labels Reflect Invariant Feature Distribution

Now will validate that the ratio of the same-class neighbors reflects the aggregated invariant represen-
tation. We use VREX to approximately extract invariant features and compute their distance w.r.t. the
discrepancy of the ratio of the same-class neighbors. We evaluate on 4 splits of Cora: word+covariate,
word+concept, degree+covariate and degree+concept. For each data split, we randomly choose
5 classes with sufficiently large differences in homophilic neighbor ratios for visualization. The
results in Figure 16 also show a positive correlation trend between the distance of the invariant
representations and the difference in the ratio of same-class neighbors, indicating the latter can
reflect the former.

D.6 Validation of the True Feature Generation Depth

For the theoretical model in Section 2] we assume that the number of layers of the GNN L is greater
than the depth of the causal pattern > k. In this section, we empirically verify how large k really is
on real-world datasets. Specifically, we use GCN with different layers to predict the ground-truth
label Y on Cora and Arxiv datasets respectively (results are in Table[Oaland [OB). As mentioned above,
since a GCN with L layers will aggregate features from L-hop neighbors for prediction, if the depth
of the GCN is equal to the true generation depth, then the performance should be close to optimal.
Therefore, we use the layer number that yields the optimal empirical performance (denoted as L*) to
approximate k. We find that the L* < 4 in most cases. This indicates that our assumptions L < k
hold easily.

D.7 Time Cost of CIA-LRA

To show the running time of CIA-LRA, we show the time cost to reach the best test accuracy on
our largest dataset Arxiv (with 50k 60k nodes). The results are in Table 8] below. The time cost of
CIA-LRA is comparable to baseline methods.
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Figure 16: The relationship between the distance of invariant representations and discrepancy in the
same-class neighbor ratio (the ratios in the figure are multiplied by node degree) on Cora degree,
concept shift. Line 1 to 4 are results of Cora word+covariate, word+concept, degree+covariate
and degree+concept, respectively. Each subgraph marks a class, and each point in the subfigure
represents a node pair. There is a positive correlation between the invariant feature distance and the
difference in neighboring label ratio of the same class as the centered node.

Table 8: Time cost (seconds) to achieve optimal test performance on Arxiv using GAT on a single
RTX 3090 GPU.

ERM Coral Mixup EERM SRGNN GTrans CIT CIA-LRA
Arxiv degree covariate 74 551 758 OOM 34887 OOM OOM 1248
Arxiv degree concept 30 360 747 OOM 3960 OOM OOM 1132
Arxiv time covariate 46 246 1207  OOM 1993 OOM OOM 292
Arxiv time concept 440 1481 272 OOM 11628 OOM OOM 989

(a) OOD accuracy on causal prediction (%) of GCN with (b) OOD accuracy (%) of GCN with different numbers

different numbers of layers on Arxiv. of layers on Cora.
Dataset Shift 1=2 L=3 L=4 L=5 Dataset Shift L=1 =2 L=3 L=4
Arxiv (degreey _COVIE57280.09) S8920.14) 6018041 607012 (1 qonreey _COVAIAIe 5904015 S844044) 557805 55.150.24)
concept  6332(0.19) 6292(021) 65.41(0.13) 63.93(0.58) concept  62.88(0.34) 61.53(048) 60.24(040) 60.51(0.17)
Ay (Gmey _COVATeTL17021) 70980.20) TLTIO2D) 08400 oo covariate 64.05(0.18) 65810.12) 65.07(0.52) 64.58(0.10)
concept  65.14(0.12) 67.36(0.07) 65.200.26) 67.49(0.05) concept  64.32(0.15)  64.85(0.10) 64.61(0.11) 64.16(0.23)
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E Detailed training procedure

Table [T] shows the detailed training procedure (pseudo code) of CIA-LRA. We use the same GNN
encoder for the invariant subgraph extractor. Empirically, we add CIA or CIA-LRA after one epoch
of ERM training.

Algorithm 1 Detailed Training Procedure of CIA-LRA

Require:
A labeled training graph G = (A, X,Y’), a GNN fe, and invariant subgraph generator GNN
fo,.-
The number of hops ¢, CIA-LRA weight A, the number of classes C, total iterations 7', model
learning rate ry, invariant subgraph generator learning rate ro, the number of fg’s layers L
Ensure:
Updated model fg with parameter ©.
1: for iterations in [1,2, ..., 7] do
2:  Randomly sample a subgraph A’ € RV from A € RNoxNo,
3:  Compute and apply the edge mask according to Equation (8] to obtain the masked adjacency
matrix A,, < A’ © M € RVxN,
4: Initialize Lciara < O.
Calculate the node representations ¢(4,,, X) € RV*D,
6:  ### Calculate A?, where the (4, j)-th element of A? equals the length of the shortest path from
node ¢ to j if the length is less than ¢ else infinity:
7:  Initialize A*(4, j) < Infif i # j, A%(i,7) < 1, Agern < Am
8: forhop hin([l1,2,...,t] do

bl

9: Ate'rn <~ AmAtem

10: if Aiern(i,7) > 0and Ao (i, ) < A'(i, j) then
11: At(i,j) < h

12: end if

13:  end for

14:  ### Compute the ratio of neighbored nodes of each class: ~

15:  Compute the normalized adjacency matrix A, where A’s i-th row A; < A,,;/D;, Ay, is the
i-th row of A,,, and D; € R is the degree of node i.

16:  Initialize the neighbored label ratio R + Y € RV¥XY where R(i, ¢) is the ratio of node i’s
neighbors of class ¢ within a L-hop range, Y are the one hop labels.

17:  forlin[1,2,...,L] do

18: R+ AR

19:  end for

20:  forcin(l,2,...,C] do

21: Sample the nodes of class ¢ from A? and form A%. Use A%, to screen for pairs of nodes not
exceeding a distance of ¢ hops €.(t).

22: Compute CIA-LRA loss of class c: L& ra according to Equation @) using Q.(t), R, AL
and ¢(A,,, X):

23: Lcia-1ra < Lciara + LEa1rA

24:  end for

25:  Compute final loss £ < Le(fo(A, X),Y) + ALlcia.Lra» Lee 18 the cross-entropy loss
26:  Update model parameters © <~ © — VoL, O,, < O, — Vg, L
27: end for

F Additional Discussion of Theoretical Settings and Results

F.1 Detailed Setup of the Theoretical Model in Section 2]

The proposed data generation process. In the theoretical model of Equation (2), each dimension of
n1 € RV L and ny € RN %! are i.id, following a standard Gaussian distribution. € € RNVx1 ig
an environment spurious variable. €; (each dimension of ¢°) are independent random variables, ¢ =
1,..., N¢. We further assume the cross-environment expectation E.[¢°] = 0 and cross-environment
variance E[¢¢] = 02, i = 1, ..., N¢ for brevity.
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The considered multi-layer GNN. In the analyzed GNN of Equation (3), we simplify the classifier
to an identity mapping. Such simplification has been adopted by various previous theoretical works
on graphs Wu et al.|[2022b], [Tang and Liu|[2023]]. We assume L > k to ensure the model has enough
capacity to learn invariant features. We verify this assumption by using GCNs with different numbers
of layers to predict the ground-truth labels (see Appendix [D.6).

F.2 Discussion of the Structural Feature Considered in the Theoretical Model and
Justification for the Choice of the Analyzed GNN

Structural Features and Structural Shifts Considered in Section 2.1} To reflect reality as much
as possible, it is necessary to consider both nodal and structural invariant and spurious features in
the theoretical model. As mentioned in Section [2.1] we model the invariant structural feature as the
structure of the k-hop ego-subgraph. A natural question is raised here:

Can we find other ways to define the invariant/spurious structural features?

The answer is yes. For example, the invariant structure can be modeled as the subgraph of the
ego-graph of a node, following Li et al.|[2023al]. However, it is fundamentally impossible for GNNs
using mean aggregation (like GCN) to learn such causal structures. This is because such GNNs will
assign fixed weights to each neighboring node feature, and they can’t split the causal substructure
from the neighbored ego-sgraph. Therefore, we make the causal structure feasible for GCN-like
GNNs to learn by defining the causal structure as the whole k-hop neighboring ego-graph, rather than
a subgraph, and show that OOD failure can still happen (Theorem [2.3)). Then, under this setting, the
remaining challenge becomes identifying the true k£ by optimizing the shallow layer GNN parameters.
However, in real practice, the invariant causal pattern may still be an ego-subgraph. This can be
reflected in the performance gain of the invariant subgraph extractor used in CIA-LRA.

Why Do We Choose Such a GNN in Section 2.1? From the above analysis, we show that such a
choice is a compromise solution between the case of GCN (that can only extract a whole ego-graph)
and GAT-like GNNs (that can extract a subgraph from an ego-graph). Although in this GNN each
neighbored node is solely assigned the same weight, the shallow layer parameters can be optimized
to realize the aggregation of different depths to capture the causal structures of different depths.

F.3 Discussion of the Failure Solution for GNNs of VREx and IRMv1

In Theorem|[G.2] and[G.3] (the formal version Theorem [2.3)), we show that VREx and IRMv1 could
induce a model that uses spurious features. Now we’ll give an intuitive explanation of this failure

mode. When the lower-layer parameters of the GNN 9}(1), 9%(”, 9%(1), 03(” take the specific solution
Oy in Equation (21, we have

(L) (L)
H = s H. - k+m
= I ey, gt = M2 D gk (25)
1 O] 2 O]
06 004
holds forz = 1,2, [ =1, ..., L — 1 and every environment e. Thus, we get
oc _ _oc oH"e) oL
00 oHMey) 00 a(H™Moy)
w oL oH™M) or 1 (26)

oHPe) 00" eV 6L
i=1,2, 1=1,.,L—1
oL

(*) is because of Equation l) Therefore, E?TLI =0= % = 0. The same is true for 5=
1
oL

FTIOR This means the solution of the top-level parameters 6; and 5 of the GNN will only
2

be constralaned by two equations, 50

and

= 0 and g—é = 0, rather than be constrained by all gradient

5 9%- =0, 7 = 1, 2. By analyzing the specific loss of VREx and IRMv1, we conclude that

they will induce a non-zero 6.

functions
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Note that the failure solution ©g here is not the unique one, we choose O just for the elegant

expression and to better convey the intuition. In effect, the conclusion g—éﬁ =0= % =0 and
1
g—é =0= % = 0 holds as long as the lower-layer aggregation parameters satisfy

ot =120 =1, 1=L-1,.,L—s+1
0!V =002 =1, 1=L—s;,L—s—1,..,1
ol =1,020 =1, 1=L-1,.,L—sy+1
ol =002 =1, I1=L—sp,L—s5—1,...,1

, forsome s1, so e NT, 1 <51 <L, 1<sy<0L,

(27)
i.e., we don’t require the spurious branch of the GNN to be identity mapping I as equation does.

This failure mode can happen to GCN (all 9;'» =1,1=1,2,5 = 1,2) and also for GAT.

F.4 Comparison between our Theorem 2.3/and Theorem 1 of Wu et al.|[2021]

The Theorem 1 of [Wu et al.|[2021]] proves ming V.[R(e)] will min I(y, e|z), where q(z|z) is the
induced distribution by encoder ¢. This seems to conflict with Theorem[2.3] This is because the upper
bound derived in [Wu et al.| [2021] I(y,e|z) < Dxr(q(y|2)||Eclq(y|z)]) < Ve[R(e)] is not tight.
Thus, minimizing the variance of loss across training environments does not necessarily minimize
mutual information between the label and the environment given the learned representation.

F.5 The Superiority of the Proposed CSBM-OOD

Our CSBM-0OOD in Section introduces several advancements over the conventional CSBMs (Mal
et al|[2021]], Mao et al.|[2023]): 1) It supports multi-class classification, extending beyond the
binary classification framework of traditional CSBMs; 2) It accommodates unique neighboring label
distributions for each node, in contrast to the traditional models that assume a uniform class-shared
homophily/heterophily ratio across all nodes; 3) our model integrates OOD shifts, while traditional
ones don’t.

F.6 Tightness of the Error Bound of Theorem

When there are no distributional shifts in spurious node features and heterophilic neighborhood
distribution between training and test environments, the terms (a)-(d) in Eq. (I09) becomes zero, and

< Y /
the upper bound becomes L, (h) + const = L], (h) L Ay LCCBa)

tr tr 1—2a 2a 1/L
€ €
Ne" NElr o 5

, 1.e., our bound

only larger than the ideal error EAZ‘, (B) by a constant const. When the number of training samples
Nr is large, const will be small enough and can be negligible. Hence, the tightness of our bound is
guaranteed.

G Proofs of the Theoretical Results

G.1 Proofs of the Concept Shift Case Presented in the Main Text

In this section, we give proof of the propositions of the concept shift model presented in the main
text.

G.1.1 Proof of the non-Graph Success Case of VREx and IRMv1 under Concept Shift

We restate Proposition [2.2]as Proposition [G.I] below.
Proposition G.1. For the non-graph version of the SCM in Equation (2,

Ye=X1+4+n1, X5=Y°+ng+ €, (28)
VREx and IRMvI will learn invariant features when using a 1-layer linear network: f(X) =

91X1 + GQXQ.
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Proof. VREX. Denote X;6; + X502 — X1 —nq as l.. The variance of loss across environments is:
V[R(e)] = Ec[R*(e)] — EX[R(e)]

2
= Ee |:(En1,n2 HXlel + (Xl + ny —+ ») -+ 68)92 — X1 — Tlng) :|

(29)

— B2 [y 1 X201 + (X1 + 1 41 + )03 — (Xa = ma3]

=E. [Enhm [(1216)2” ~E [Enlxnz [lzle]] :
Take the derivative of V. [R(e)] with respect to 6;:

%ﬁ(e” =Ec [2En, 1, [ 1e] Enyns [200 X1]] 30)

— 2B, [Epyn, [101e]] Ee [Enyns [200 X1]]

Using the fact that E,, n,[n1] = Enyny[na] = 0, Epyny[ng na] = Euyny[ngni] = 0 and
Eny o [11 m1] = Eny ny[ng n2] = N€ if it is the noise from e, Ey, p, [0 €] = Epy ny[ng €€] =0

and using the assumption that E.[(€%)?] = o2, we have
Ee [2En, n, [le le] Enyny [200 X1]]
=012 X1 + 30,20 X% + 010:2[3X2 (X2 + 02) + 2X2E[N€]|
+03X1 (X7 + X10% 4+ Ec[e° T €%€®] + 2X,E [N€]) 31)
—302X 7} — 010:(6X] + 2XEJ[N]) — 02(3X2(X? 4 02) + 4X?E.[N°))
+01(3X7 + XTEe[N°]0) + 302(XT + XTE[N]) — X7 (X7 + Ec[N°])

and
Ee [Eny ns [lo le]] Ee [Eny ns [20d X1]]

=012 X% + 30120 X1% + 01022 [3X2(X2 + 02) + 2X2E[N€]|
+05 X1 (X3 + X10% + 2X1E[N€]) (32)
—302X{ — 0105(6X] + 2XE[N]) — 02(3X2(X? 4 02) + 4X?E.[N¥))
+01(BXT + XTEc[N°]0) + 302Xy + XTE[N®]) — X7 (XT + Ec[N°])
Plug Equation (31)) and (32) back into Equation (30), we have
IV [R(e)]

— BXT]E el e e
20, 05X, E.[e° €€ (33)

Let %51(6)] =0, we have 0, = 0.

Now we need to validate 6, = 0 is also a solution to %{Z(E)] — 0. Let’s calculate %i(e)] when
0y = 0:
OV.[R
% =E. [QEnl,nz [l;le] Enyn, [ZZGT(Xl +nq 4 ng + Ee)ﬂ
— 2R, [Enlvm [l:leﬂ Ee [Em,m [QZZ (X1 +n1+no+ fe)” (34)

=(0?X? - 20, X2 + X2 +E.N®)(0, X7 — X? —E.N°)
—(03X7 - 20, X7 + X7+ EN®) (0, X7 — X7 —E.N°)
=0.

So far, we have proved f; = 0 is the solution for VREX, hence it will learn invariant features. We
finish the proof for VREx.

IRMv1. The objective of IRMv1 is E. ||V, R(€)||3. When IRMv1 loss is optimized to zero, we have
V. R(e) = 0 for all environments e.

VuR(€) = Ep, n, 2001 X1 + 02 X0 — (X1 +11)) T (01X + 02X7))]
=2((61)2 X X1 + (02)2(X] X1 + €T + 2N + 20,0, X, (X1 +€)  (35)
— 01X, X1 — 05(X] X, + X[ e + N°))
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To realize V,,R(e) = 0 for all e, we must let 5 = 0 (and consequently 6; = 1), otherwise the
solution of 6> will include terms related to € and N° that vary with environments, and a single value
05 cannot fit all these values. Thus we finish the proof for IRMv1. O

G.1.2 Proof of the Failure Case on Graphs of VREx under Concept Shift

We present the formal version of the VREX part in Theorem [2.3]as Theorem [G.2] below.

Theorem G.2. (VREXx will use spurious features on graphs under concept shift, formal) Under the

SCM of Equation (2)), the objective ming V. [R(e)| has non-unique solutions for parameters of the

GNN (3 (I) when part of the model parameters {01 @ 92(l ,03 10 92(l } take the values
V=100 =1 1=L-1,.,L-s+1

O=1¢ 01V =00p"=1, |=L-sL-s-1,.,1, (36)

) O]
o =002V =1, 1=0-1,..,1

for some O < s < L. Specifically, the VREx solutions of 01 and 0 are the sets of solutions of the

cubic equation, some of which are spurious solutions that 0 # 0 (although 03 = 0 is indeed one of

the solutions, VREx is not guaranteed to reach this solution):

(37

(3019192 + 01(02)2 - 20692)02 - EG[N6(201(91 + 92) - Cﬁ)]0202 + 6792 =0
(EE[NE(ch(Ql + 92) — 66)]0292 — C7)(Cg — 64)02 — [62(91 + 02) — 65](92)2 = O

where ¢; = ]Ee[(/Iele)T(Aele)], cr = ]E[ “(A°X)TAC X)), e5 = E[(A°X) 1],
e = Bf(ATX)T], e = BN((ACX) AN + (A4 + No(L+ o?)
ce = [(/i DT (A X)), er = Be[e Tecee T (Ae° X))

Proof. We will use some symbols to simplify the expression of the toy GNN. Denote A" nq + ng + €
as 7). Use the following notations to represent the components of the L-layer GNN model:

fo(A, X) = HM6, + HM6,
_ [ai(L_l)A( 01(3) (01(2 A(al A+92( )I)X 4 02(2 (01(1 A+92(1)I)X1) >:| 01

C1
+ [ VA (o (3P AoV A+ 3V DA X+ 03P 03V A+ 03V D) A )

+>} 0

Ca
[V (B A0 A+ 65V D+ 637 03V A+ 03 D) + )| 6

z
=C10, + (CQ + Z)92
(38)
C1,Cy,Z € RN*1 We use Ct, Cs, and Z° to denote the variables from the corresponding
environment e. We further denote C'§ = C§’AESX 1, Z¢=C%'n

Using these notations, the loss of environment e is

R(€) = Eny s | 1fo(A4%, X%) = Y*[}
R 2 (39)
= En, [Hc;el F(CS+ 29)0, — A" X, — ”1”2] .

Denote the inner term C{6; + (C§ + Z€)02 — Aele —nq as .
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The variance of loss across environments is:

Ve[R(e)] = Ee[R?(e)] — EZ[R(e)]

<E’n17’ﬂ2

- Eg |:En1 M2

= Ee [Enl*”z [(ZJZE)QH o Eg [Enlﬂm [l;rle” :

:Ee

~ k 2 2
C01 + (C5 + 290y — A" X, — ”1\\2) ]
(40

-~k 2
Oy + (CS + Z°)0y — A" X, — n1H2] .

Take the derivative of V. [R(e)] with respect to 60;:

OV [R(e)]

9, ~Ee 2By ns [le Le] Enyng [200 CF]]

€

(41)
—2E, [Eny o, [0 1] Ee [Eny o, [200 CF]]

Calculate the derivative by terms:

By o lld Le] = By iy [CF T C5(01)2 + CLTC50,05 + C5 T 290,05 — CLT (A0) P X10, — CF "ny6y
+ CSTC005 + CSTCS(02) + C5 T 290105 — CS T (A€)R X105 — C5 "naby
+ Z°TCL010y + Z° T C5(02) + Z°T Z°(02)° — Z° T (A°)F X10, — Z° T ma 6
— ((A2)FX7)T(C501 + C502) — ((Ae)*X1) T 2905 + ((A°)F X7) T (Ae)* X,

+ ((A)* X)) Ty — n (CS01 + CS05) — ni Z°05 +ni (Ae)F X + n] ny]
(42)

Since ny and ng are independent standard Gaussian noise, we have E,,, ,,,[n1] = Ey, n,[n2] = 0,
Eoy no (7] 12] = By iy [ng n1] = 0 and By, [2] 711] = Euy o, [ng m2] = N€ if it is the noise from
e. Also, since € and n1, ny are independent, we have E,,, ., [n{ €] = Ep, ,[n5 €] = 0.

When
V=100 =1 1=L-1,.,L-s+1
otV =020 =1, 1=L-sL-s—-1,.,1 , 43)
oW =002 =1 1=0-1,..,1

we have C§' = Iy. € RN“*N® and C¢ = A°°X,. Consequently, we get Epyny[2¢ 1] =
tw(C5' A"y = w(Ae™), B, 0, [2°7 2] = 10 ((Ae’“)T(Ae’“)) 4 NefeeTee,

Use the above conclusions and rewrite Equation as (here we only plug in the value of C§'):

By o [l;rle] =

CsTCs(01)% 4 CLTC50105 — CLT(A)e X160, + C5TC50,0, + C5 T C5(62)% — C5 T (A°)* X160,

ar ((A")T(A9Y)) (62)2 = (A2 X0)T(C501 + C562) + ((A)FX0)T ()X + N° (14 (62)2) § (+)
—ot(Ae")

HCO5Te + 05 T e + €T 0510102 + € Te(62)? — 2((Ae) P X1) Te0a } (x),
(44)

(%) and (*x*) represent terms that are independent and associated with €®, respectively. Additionally,

En, s [20] C5] = 2 [CTC101 + C5 T C03 + (C5'e) T O — ((A0)*X1)TCs |
) (45)
=2 [01”01691 +CSTCO, + €T L0, — ((Ae)kxl)Tcﬂ .

35



Multiplying Equatlon @) and (@3) and take the expectation on e, using the assumption that
c[(€9:)?] = o2 (¢°; is the i-th element of €©):

=

Ee [QEnlﬂlz [ZZZG]ETHJD [21;01]] = 4Ee |:(*) (OleTCleal + CSTCS/QQ - ((Ac)le)TCf)}
+4E. [(Aesxl)uesxl(galez +(62)%) — 2(AeSX1)T((Ae)kX1)e2} 020°

+ AR [N Tecec T (A X1)]0,.
(46)

Next target is to compute 2E.[E,,, ,,,[l] l.]] and E.[E,, ,,[2l] C1]]. Since €® has zero mean, we
have:

2B [Er, s [le 1] = 2B [(%)] 4 2E.[N](09)%0? (47)

and

Ee[En, n,[2l] Cf]] = 2B, [01”01691 +C5TC0, — ((Ae)kxl)Tcﬂ : (48)

Use Equation and 1@} and let BV‘})[?I(G)] = 0, we have:

E. [3(AESX1)T(AESX1)(9102+ (62)? )—2(AESX1)T((A€)kX1)92] 02+ Ee[e? Tece T (A" X 1)),

B [NJE, [2(4"X1)T (A" X1) (01 + 02) — ((49)*X2) T CF] 020% = 0,

(49)
Now we start calculating the expression of %ﬁz(e)]:
OVe[R(e)] T T
———— =E, [2E,, n, |lc le| Enyony |20 (Co + Z°¢
90, [ 1,n2 [ ] 1,M2 [ ( 2+ )]] (50)

—2E, [Ep, 1, [10 1e]] Ee [Eny oy [200(C5 + Z9)]]

Ve [R(e)]
L t Tze 0.

E. [(Cf7Cs +C5TCs +C5' CE )00z + (C5)TC5'(62)* — 2((A9)F X1) T C5'65
E. [(c T C30. - (A x0) T3] 0
[52 el e el e Te\k T e TePNT 7ok e e/2 2
_E, [N¢o (01 OOy + CSTCS0y — ((A)F X1)TCOS + tr((A) T Ae™) + N° + 8" T 0% )( )}

=0.
(D

Plug Equation (#9) in (51)), we reach:

[E. [NV4(A<"X0) T (A" X0) (01 + 02) — ((A)*X1)TCf| 02 — BefeTeceT (A" X1)] | 02
~ 5 ~ k

E, ((Ae X1) T 1neflo — (Ae Xl)TlNe>

_E, [Ne ((Aesxl)TAesxl(el 4 0o) — (A" X)) T A X, + t((Ae®)T A"y 4+ Ne(1 4 02))} (62)?

(52)
Let Cc1 = Ee[(Aesxl)T(Aele)], Cy = [NE(AeSXl)TAele] C3 = Ee[(Aele)Tl]’
e = EJ(A"X)T1, ¢s = EJN ((A 1)TAe X, + (AT AT + Ne(1 + 02))],

c6 = E[(A°" X)) T (A" X1)], er = Be[e Tece T (A" X7)),



we conclude that

{ (3610192 + 01(02)2 - 20692)02 - EQ[N6(201(91 + 92) - CG)]0202 + 0792 =0 (53)

(E@[Ne(ch(Ql -+ 92) — 06)]0202 — C7)(63 — 04)02 — [02(91 -+ 92) — C5](92)2 =0

As for the derivative respect to 9}(1), 9%(1), 95(”,03(1), when they take the special value in Equation

OV .[R(e OV [R(e OV .[R(e OV .[R(e OV .[R(e
S[R?V; have 2Ol — g = SOl IR _ ) gng QU] — g - Plfa]

5920 = 0,1 =1,..., L. So we conclude the solution induced by Equation is the solution of
the Sbjective, and 65 = 0 is not a valid solution.

O

G.1.3 Proof of the Failure Case on Graphs of IRMv1 under Concept Shift

We present the formal version of the IRM part in Theorem [2.3|as Theorem [G.3] below.

Theorem G.3. (IRMvl1 will use spurious features on graphs under concept shift, formal) Under the
SCM of Equation (2| (l) there exists s € N* that satlsﬁes 0 < s < L and s # k such that optimizing
the IRMv1 objective ming Ec||| V. pw=1.0R(€)||?] will not lead to the invariant solution 05 = 0 for

parameters of the GNN (3) when {0} (l)7 9%“ , 02 (l), 93(”} take the special solution:

oV =120 =1 1=L-1,.,L—s+1
0y = 91” 092”_1 I=L—sL—s5—1,..,1 . (54)
01”) 002(“ l=L-1,..,1

7 PREEY)

Proof. From the proof of non-graph IRMv1 case Appendix [G.I.1] we know that when IRMv1
objective is optimized, we have V,,R(e) = 0 for all e. For the graph case, the expected risk of
environment e is

R(e) = Epy i, [[16:1CF +62(C5 + 2°) — (A9)* X1 — 3], (55)

where the definition of Cf, C5 and Z¢ follows Equation (38). Now let’s check if the invariant
solution f = 0 is a valid solution. If 85 = 0 holds, then the following equation must hold for every
environment e:

VuwR(€) = En, n, [(0:1CF + 05(C5 + 2°) — (A9)* X1 — n1) T (0, CF + 05(C5 + Z°))]
= B, i, [(01)2C5 T CS + (02)(C5 + Z2°) T (C5 + Z°) + 20,0,C5 " (C5 + Z°) 56)
— 01C5 T ((A9)* X1 + na) — 05(C5 + Z°)((A°)F X1 + )]
= (61)*((A°)*X1) T ((A°)*X1) — 61 ((A9)" X1) T ((A°)* X7)
When s # k, we have 6; = (({e)kXI)T((A:e)SXI). The value of this solution of #; varies with

) ) ((A2)*X1)T((A°)*X1)
environment e, and thus is not a valid solution.

However, now we will show that optimizing IRMv1 does not necessarily lead to lower-layer parame-
ters such that s = k. To reveal this, by taking the derivative of Ligyy; W.I.t. 61 and 65 and let them
= (), we can get two cubic equations:

OLirMy1 _

0 =Eel(CTTCT(01) + (C5 T C5 +205 T ¢“ + 2N + €T e)(62)°
1

H(CSTCS 4 LT e)0105 — (A" X1) T80, — (A" X)) T + N¢ 4 n] ef)py)  ©OF

(20T 0, + (CFTCS + O Te)oy — (Ae Xl)TCf)] =0
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and
OLrMvI
00,

=E[(C$TCS(0:) + (C5TC5 + 205 7€ 4+ 2N + €' €)(6,)?

(OO + O Te)0105 — (A" X1)TC50, — [(A" X)) T + N° +nf elda)  (sg)
(2(C5TC5 + 205 € + 2N + € T€)0y + (CLTC5 + C5 T e)y
(A X)) T(CS 4+ €€) + N° +n) )] =0

From the analysis in Appendix [F.3] we know that as long as the lower-layer parameters take any

. . . . OLirmvi — 9Lrmvi — OLrmui
value that satisfies the form in Equation li even if s £ k, we can get 50: ol = Taek

and 8%152“‘” = % = % Thus, IRM cannot necessarily learn a s = k. At this time (when

OLrmvi _ OLwrwmvi _ OLRMvI OLrmvi _ 9Lrmvi _ OLrMvI
B = 801 = 80 = 0 and T ST = 0 but s # k), from the form of

Equations (57) and (58)) we know that there exist solutions that 62 # 0, and the solution of 6; and 6
both depend on E, (F (e)), where F'(e) is some random variable associated with e.

O
G.1.4 Proof of the Successful on Graphs Case of CIA under Concept Shift
Theorem G.4. Optimizing the CIA objective will lead to the optimal solution ©*:
0 =1
=0 and 3le{l,...L—1}se0iV =02 =0
o1V =1,02" =1 - L 71...L7k+1 )

eﬂU_Qﬁ”_l,l:L—hL—k—LmJ

Proof. For brevity, denote a node representation of C{_, as C{ and the one of C’f/c as CY. The same
is true for C§ and C3. In this toy model, we need to consider the expectation of the noise, while
in real cases such noise is included in the node features so taking expectation on e will handle this.
Therefore, we add E,,, ,,, in this proof, and this expectation is excluded in the formal description of
the objective in the main paper.

£CIA = Ee,e' Enl,ngEcE 9,7 [D(¢®(AeaX ) [e][vi] ¢®(A X )[c][vj]):|

ee’ (i,5)eQ® (60)
= ]Ee,e/ Enl,anCE 1,J ”Ciel + (Cé + Z6)92 - 0{01 - (C% +z° )92”%
ete’ (i,5)eQ%*
8‘CCIA i % e J J e’ T 7 J
o =Eew BunEE i [0191 F(Cl 4 290y — Cly — (CL+ 2 )92} (Ci — )
ee! (i.j)en

(61)

Let achl‘A = 0, we have:

EcoEE o5  [(C1=C)T(C =i+ (Ch-CHT(CL-Ct] =0 (©)

ete  (i.5)eQe
Also, we have:
oL , » , , , ‘ . , ,
oo =E o EE i [(C{ — )G~ )0, + [(c; —CHT(Cy—C)) + (26— z°)T(z° — z°¢ )} 92}
2 ete’  (i,j)€n®e .
(63)
Further let BLC‘A = 0, combining Equation and using Assumptionwe get
0r=0 or e{l,..L-1tst0lD =020 =0 o

or,if 61 #0and Vi € {1,...,L — 1}, the parameters of that layer [ of the invariant branch of the
GNN are not all zero: 9}(1) #0or Gf(l) # 0, then we get
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[(C; — )T (CL— CI)P?

E, EE i; |- + (O~ CPT(CE— )+ (2° — z)T(z2¢ — 2¢)| =0

e;lée' (iJ)eQeve, (Ci - C{)T(Ci - C{)

F
(65)

According to Cauchy—Schwarz inequality, F > 0 unless 3/ € {1,..., L — 1} s.t. 9%(” = 95(1) =0.
To ensure 8§9C;A, we conclude that 2 = 0or 3 € {1,...,L — 1} s.t. 9%(1) = Gg(l) =0.

In conclusion, to satisfy the constraint of CIA, no matter whether the invariant branch has zero output,
the spurious branch must have zero parameters, i.e.,

=0 or Jef{l,..L—1}stot” =02 =0 (66)
Thus, CIA will remove spurious features.

Now we show that when CIA objective has been reached (the spurious branch has zero outputs), the
objective of ming E.[L(fe (A%, X¢),Y )] will help to learn predictive paramters of the invariant

branch 6, 61 7) and 627). When Equation holds,

OE.[L(fo (A%, X°), V)]

- T
=2E.Ep, n, [(Cf&l - (Ae)le - nl) Cle:|

00
1 o (67)
— 9E, [(Cf&l - (Ae)le) Cf]
Let Zel£Ue (a’gj’x DY) 0, we get the predictive parameters
0, =1
W —1,02W =1, 1=L-1,..L-k+1 . (68)

010 =002 =1, I=L—kL—-k-1,.,1

i i OLca OLcia OLcia OLcia O [L(fo (A%, X),Y)]
Plug the final solution back in 2010 pa g ggaih: 2010 ,

OEc[L(fo (A% X)), Y] OE[L(fo(A°X),Y)]  OE[L(fo(A%,X)Y) ;
[ @89%([) 5, [ %a;<’> 5, [ %95(1) I, we can verify that these

terms are all when further letting 3] € {1,...,L — 1} s.t. 0%(” = 05(1) =0. O

G.2 Proof of the Covariate Shift Case
G.2.1 Proof of the non-Graph Success Case of VREx and IRMv1 under Covariate Shift
We restate Proposition [B.T]as Proposition below.

Proposition G.5. (VREx and IRMv1 learn invariant features for non-graph tasks under covariate
shift, proof is in ) For the non-graph version of the SCM in Equation ,

Ye:Xl—i—nl, X2€:TL2+EE7 (69)

Optimizing VREx ming Lygg, = V.[R(e)] and IRMvI ming Ligyyi = Ee[||Vyjw=1.0R(€)||?] will
learn invariant features when using a I-layer linear network: f(X) = 01X; + 02Xo.

Proof. VREX. For covariate shift, denote X160, + X502 — X; — ny as [, the expected risk in
environment e is R(e) = E,, »,[|61 X1 + O2(na + €°) — (X1 + n1)||3. Take the derivative of the
VREX objective V. [R(e)] with respect to 6;:

OV.[R(e)]

T [2En, ns [ld le] Enyons [200 X4]]

€

(70)

€

— 2B [Enyn, [11e]] Ee [Enyns [200 X1]]
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Calculate these terms:
Ec[Enyns [0 Le]Eny ny [0 X1]]
=(01)* (X[ X1)* + 61(62)*(3X{ X10” + X| X1Ec[N°]) + (62)*Ee[(e%) e(e) ] X3
+(01)? (X X1 = 2(X{ X1)%) = (62)*(X{ X1)*(30” + Ec[N?))
+01(X) X1)?(3(X] X1)? + Ee[N°]) — (X] X1)*((X) X1)? + Ec[N])

ol s 1T Ll (B 17 X o
=(01)* (X[ X1)* 4 61(62)*(X{ X10° + X X1 E[N°])
+(01)2(X7 X1 = 2(X{ X1)?) = (62)° (X1 X1)*(0® + Ee[N9))
+01 (X, X1)?(3(X] X1)% + E[N¢)) — (X1 X1)*((X, X1)* + Ec[N°))
Hence,
%ﬁ(e” =01(02)%(2X] X10%) + (62)> X1 — 2(02)? X102 (72)
Let %ﬁ(e)] = 0, we have 65 = 0.
When 65 = 0 and when 6; = 1, we get
B, molle (no +€9)] = 601 X] e — X{ ¢ = 0. (73)
As aresult,
%Z(e)] =Ee [2En, 1y [ 1e] By ns [20 (2 + €9)]]
—2E. [Enyn, [101e]] Ee [Enyn, [20] (12 + €9)]] (74)
=0-0
=0

In conclusion, #; = 1 and 0 = 0 is the solution of the VREX objective in this non-graph covariate
shift task.

IRMv1. The objective of IRMv1 is E. ||V, R(€)||3. When IRMv1 loss is optimized to zero, we have
V.wR(e) = 0 for all environments e.

VuwR(e) =Ep, n,[2(01 X1 + 02X2 — (X1 4+ n1))(61.X71 + 02X5)]
=2((61)%X] X1 4 (62)%((€°) "€® + N©) 4 26,0, X, € (75)
— 01X X1 — 6,X] €)
To realize V,,R(e) = 0 for all e, we must let 5 = 0 (and consequently 6; = 1), otherwise the

solution of 6> will include terms related to € and N° that vary with environments, and a single value
05 cannot fit all these values. Thus we finish the proof for IRMv1. O

G.2.2 Proof of the Failure Case on Graphs of VREx under Covariate Shift

We restate Theorem as Theorem below:

Theorem G.6. (VREx will use spurious features on graphs under covariate shift) Under the SCM
of Equation @), the objective ming V. [R(e)] has non-unique solutions for parameters of the GNN

when part of the model parameters {9}(”7 9%(”, 02 (l), 03(”} take the values

ol =100 =1 1=L-1,.,L—s+1
O =2 oW =00eV=1 1=L-sL-s5-1,.,1, (76)
oaW =002 =1 1=L-1,..1
0 < s < L is some positive integer, 01 and 6> have four sets of solutions of the quadratic equation,

some of which are spurious solutions that 05 # 0 (although 02 = 0 is indeed one of the solutions,
VREXx is not guaranteed to reach this solution):

{ 6102(20192 —+ (92)2 — 2020292) + 6392 — ]Ee[Ne}61029192 + Ee [Ne]020202 =0

[0392 — EB[N6}010'29192 + EE[NG]CQUZHQ} Cq4 — 05(492)2 =0 (77)
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where ¢y = E[(A°° X,)T(A¢"X1)], 5 = B[(A° X)) T (A" X)), c5 = Eolec e T (A" X,)]o?,
i = E, ((Ae)kxl)HNe} o2, cs = E, [Ne (tr((Ae’“)TAe’“) +Ne(1+ 02))].
Proof. We will use some symbols to simplify the expression of the toy GNN. Denote ny + € as 1.
Use the following notations to represent the components of the L-layer GNN model:
fo(A,X) = HM6, + HM,
- [9}“‘”/’1 (...0}(3) (9}(2)A(9}(1)A +02Ynx, +02® 01V A+ 9%“’1’)){1) + )} 6,

C1
L—1) = _ _ _ _ _
T [95( YA (...95“’) (9;(2)/1(9;“’/1+ 02 Ny + 02 (01 4 1 95(”1)7;) T )} 0,

z
= C16, + Z6s.
(78)
C1,Z € RV, We use Cf and Z¢ to denote the variables from the corresponding environment e.
We further denote Z¢ = C§'n.

Using these notations, the loss of environment e is
e e el2
R(€) = En, n, [Ifo(4°, X) = Y*|3]

s 2 (79)
= En, [HCf@l 47, — A x, — nlM .

. ~ k . .
Denote the inner term C{6; + Z¢0s — A¢ X, — n; as [.. The variance of loss across environments

” V,[R(e)] = E[R%(e)] — E2[R(e)]

(E"17n2

- Eg [Enl ;N2

= Ee [Enyng [(10 1e)?]] = B2 [Eny s [1e Le]] -
Take the derivative of V. [R(e)] with respect to 6;:

OV [R(e)]
90,

:Ee

. 2\ 2
Cio + Z°05 — Aele - 711H2> ]
(80)

~ 2
C0y + 20, — AF X, HJ .

=Ec [2En, 1y [ le] Enyns [200 CF]] 1)

— 2B [Enyny [I0 1e]] Ee [Enyns [200 CF]]
Calculate the derivative by terms:
Enyns[ld L] = By, [T C5(01) + O T 290100 — OF T (A0)F X160, — CF "ny6;
+ Z°TCO0.05 + Z¢7T Z¢(02)% — Z¢ T (Ae) X105 — Z° Tnyb,
— ()" X1)TC701 — ((A)*X1) 202 + ((A9)* X1) T (A9)* X,
+ (A X1) Ty = nf CF01 —n 290, +n{ (A°)* Xy + 1) ni]

(82)

Since n; and ngy are independent standard Gaussian noise, we have E,,, ,,,[n1] = Ey, n,[n2] = 0,
By no (0] m2] = By g [ng n1] = 0and By, [2] 711] = Euy o, [ng m2] = N€ if it is the noise from
e. Also, since €° and n1, ny are independent, we have E,,, ., [n{ €] = E,, 1, [n5 €] = 0.
When
otV =120 =1, 1=L-1,.,L—s+1
01V =002 =1 I=L-sL-s—1,..,1, (83)
o =0,02" =1, 1=0-1,..,1
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we have C§' = Iy € RVN*N and C¢ = A¢”X;. Consequently, we get E,,, ,,,[Z¢ " n,] = 0,
By ny[ 267 2] = N© 4 €T e,
Use the above conclusions and rewrite Equation as (here we only plug in the value of C§'):
Eni ne Uzle} =
CsTCE(01)? — C5 T (A0)r X160,

—((Ae)k X)) T OO0, + ((Ae)EX,)T (Ae)R X, + N° (1 + (92)2)} (%) (84)
HOF e + e T OO0z + €T e (02)2 — 2((A9)*X0) Teba} (o),
() and (xx*) represent terms that are independent and associated with €, respectively.
Additionally,
B, [20] CF] = 2 [OF 7 CF01 + €Tl = (49" )T ¢ )

Multiplying Equatlon @) and (85) and take the expectation on e, using the assumption that
E.[(¢¢)?] = 02 (€% is the i-th element of €°):

Ee [2En, iy (1] 1By my [217 C1]] = 4E, [(*) (CfTCfel - ((Ae)kxl)TCf)]
+4E, [(Aesxl)uesxl(wlaz +(02)%) — 2(A°° X)) T ((A9)" X1)02 | 0202
+ 4B [N e T (A" X1)]6,

(86)
Next target is to compute 2K, [Ey,, n, [} lc]] and Ec[E,,, n,[21] C1]] Since €€ has zero mean, we have:
2Ec[En, n, [l Le]] = E[()] + E[2N¢]0?(62)? (87)

and 3
E.[En, n, [2] C¢]] = 2E. [C2TC%0, — ((Ae)’fxl)TCf} . (88)

Use Equatlon and l and let 2 [R(e)] = 0, we have:
E, {Q(Ae X1) T (A" X1) (616 + = (92) ) — 2(Ae Xl)T((Ae)kxl)eg] 02 + Ee[e? Tee T (A" X)),

_E.[N“|E. [(Aesxlf(/iesxl)el - ((AE)’“Xl)TCf] 0202 = 0.

(89)
Now we start calculating the expression of Ve [R(e)] :
IV [R(e)] T T
—————— =FE. [2Ep, n, |lo le| Enyony |20 Z°
892 [ 1,72 [ :I 1,72 [ ] } (90)

— 2B [Eny n, [l Le]] Be [Eny g [210 Z€]] .

€

BV R(e)

E. [(01 cs' + CE/TCfT)Glaz (O TS (02)2 — 2((Ae)kX1)TC§’92} E. [(—((Ae)kxlfc;’)} o
B, [N%0® (w((A")TA") + N° 1 05T C5'0%) (627

=0.
oD

Plug Equation (89) in (91), we reach:
[E. [N4(A<°X0) T (A" X0)01 — N((A°)" X1) T C5 | 020 — Befeee (A< X1 )] B (—(A°"X1) T1ne )
_E, [NE (tr((Aek)TAe’“) FNC(1+ 02))] (62)°

=0.
92)
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Let ¢ = E[(A°°X1)T(Ae° X)), ey = E[(A°X))T (A" X)), e5 = Ec[e e T (Ae° X1)]o2.
s = E. [((Ae)kxl)TlNe} o2, cs = Ee [Ne (tr((Ae’“)TA‘e’“) +Ne(1+ 02))},

we conclude that

{ 6102(20192 —+ (92)2 — 2620292) +c3 — ]EG[NG]01029192 + Ee [Ne]CQO'QQQ =0

[0392 — EE[N6}010'29192 + EE[NE]CQU292} Cq4 — C5<92)2 =0 (93)

@ 9%(1) G%U) 95(1)

As for the derivative respect to 61 , when they take the special value in Equation

OV.[R(e OV.[R(e OV.[R(e OV.[R(e OV.[R(e
[’RZV'; have 8[01( 1=0= ag[iu() = 80[%(1() 1= 0 and 8[92( b—0= 80[45“(’ 1=

59200 l = 0,1 =1,..., L. So we conclude the solution induced by Equation l| is the solution of
2

the objective, and > = 0 is not a valid solution.
L]

G.2.3 Proof of the Failure Case on Graphs of IRMv1 under Covariate Shift

We restate Theorem [B.3]as Theorem below:

Theorem G.7. (IRMvl1 will use spurious features on graphs under covariate shift) Under the SCM
of Equation (@), there exists s € NT that satisfies 0 < s < L and s # k such that optimizing
the IRMv1 objective ming E.[||V yw=1.0R(e) 2] will not lead to the invariant solution 65 = 0 for

parameters of the GNN (3)) when {0%(1), 0%(”, 9%(”, 93(”} take the special solution:
V=100 =1 1=L-1,.,L—s+1
O =2 otV =00eV=1 1=L-sL-s-1,.,1. (94)
ol =002 =1, 1=0-1,...1
Proof. From the proof of non-graph IRMv1 case Appendix [G.I.1] we know that when the IRMv1

objective is optimized, we have V,,R(e) = 0 for all e. For the graph case, the expected risk of

environment e is -
R(e) = Epy n, [10:CF + 022° — AEXy — m[3], (95)

where the definition of Cf and Z¢ follows Equation (78). Now let’s check if the invariant solution
05 = 0 is a valid solution. Let 65 = 0,

VwR(€) = Epy o, [(01C5 + 6022 — (A2 X, —np) T (0,CF 4 622°)]
= (01)*((A°)°X1) T ((A9)° X1) + (02)*[N® + (€°) €] + 20105((A¢)*X1) T (96)
—01((A°)*X1) T ((A)*X1) — 02(N + (%) T)((A°)F X7)

If 2 = 0 is a feasible solution, then the following equation must hold for every environment e:

(01)%((A2)*X1) T ((A°)"X1) — 02((A)"X1) T ((A°)" X1) = 0. ©7)
_ (A X1) T((A9)* Xy) ; i ~ —
When s # k, we get §; = ((Ae)sxi)T((Ae)kxi) (we discard the trivial solution of ; = 0). The value

of this solution of ¢, varies with environment e, and thus is not a valid solution. However, now we
will show that optimizing IRMv1 does not necessarily lead to lower-layer parameters such that s = k.
To reveal this, by taking the derivative of Ligpmy; W.r.t. 81 and 65 and let them = 0, we can get two
cubic equations:

L T oo ‘ T ee i< x,)Tes
8121;4 L=E.[(CF T C5(01)? + (N® + € €)(02) + Cf Te°0,05 — (A" X1) T C50,) (98)

2CTOT0, + O T ey — (A X)) TO%)] = 0

OLRMY _
;(24 LR [(CFTC5(01)2 + (N + €T €)(62) + O T e 0165 — (A" X,) T C56,) (99)

(2N + ¢ Te)0s + (Cf T C5 + Cf Te)1)] = 0
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From the analysis in Appendix [F:3] we know that as long as the lower-layer parameters take any

i 3 : : OLrmvi . OLirmyi . OLRMvI
value that satisfies the form in Equation 1| even if s £ k, we can get 26, = a0l = a0s

OLrmvi _ OLmrmvi _ OLmMvI St OLwmvi _ OLmrmvi _ OLmwmvi _ OLwrmvi
and T S T . At this time (when 26, = a0l = Taer = 0 and Boa =

1
L — ILwu — () but s # k), from the form of Equations |Wb and we know that there exist

961 962
solutions that 65 # 0, and the solution of ¢, and 63 both depend on E.(F'(e)), where F'(e) is some
random variable associated with e.

O
G.2.4 Proof of the Successful Case on Graphs of CIA under Covariate Shift
Theorem G.8. Optimizing the CIA objective will lead to the optimal solution ©*:
0 =1
02 =0
(100)

!V =102V =1, 1=L-1,.,L—k+1
o010 =068 =1, I=L—kL-k-1,..1

Proof. For brevity, denote a node representation of C¢_ as C? and the one of Cf/c as CJ. The same

is true for C% and C3. In this toy model, we need to consider the expectation of the noise, while
in real cases such noise is included in the node features so taking expectation on e will handle this.
Therefore, we add E,,, ,,, in this proof, and this expectation is excluded in the formal description of
the objective in the main paper.

Loac=E, o Epn,EE i [D(qﬁe(AeaXe)[cuma¢@(A67X€)[c][v_f])}

ete’ (ij)eQs (101)
=EvEnnBEE i |IC{+2°-C]-27|3
ad (i.) €2
oL , , ;1T .
CA B, By BB oy [0191 79, — Clo, — Z° 92} (Ci—cd)y (102
801 # ’ - e,e’
eze (i,)€Q"
Let aacTcl‘A = 0, we have:
EcoEE o5  |(C1—C)T(C=C)o] =0 (103)
ete’  (ij)ens
Thus, we get two possible solutions of the invariant branch. The first valid solution is the optimal one:
0 =1
V=120 =1 1=L-1,..L-k+1 . (104)

o1V =002 =1, 1=L—kL-k-1,.,1

The second valid solution is a trivial one:

0,=0 or Jef{l,..L-1}stoV =92 =0 (105)
Take the derivative of the objective w.r.t. 65:
Oan g gr ., |[lze=2z)"(z° - z¢)| 5] = 202, (106)
062 ;ﬁ ’ . ’ e.e!
et (i)eQ"

Let %TC;‘ = 0, we get # = 0. Thus, CIA will remove spurious features.

Now we show that when CIA objective has been reached (the spurious branch has zero outputs), the
objective of ming E.[L(fe (A%, X¢),Y )] will help to learn predictive parameters of the invariant

branch 61, 017) and 62'1). When 6 = 0:
aEe[ﬁ(fe(Ae7Xe)’Y€)]
00,

- T
= 2E.E,, n, {(0;91 — (Ae)k X, — nl) Cf}
(107)

- T
— 9E, {(Cf@l - (Ae)kxl) C’f]
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Let PEel£Uo (A, X%).Y°)]

o0, = 0, we get the predictive parameters

6, =1
00O —1,020 1 L1, L—k+1 . (108)
010 =0,03" =1, =Lk L-k-1,.1

; ; 9Lcia 9Lcia 9Lcia 9Lcia OEc[L(fo(A%,X°),Y)]
Plug the final solution back in 2010 gD parih  pgaid 2010 ,
E. A° X)) Y*® E A° X)) Y*® E A° X9 Y*® .
2 [E(fe(2 LY 2 e[ﬁ(fe(m,) LY 2 e[ﬁ(f@(w,) LY we can verify that these
062 061 062
terms are all 0.

O

G.3 Proof of Theorem 4.4

The following proof of Theorem [{.4]is adapted from Ma et al.| [2021]] and [Mao et al|[2023]]. We
restate Theorem [4.4] as Theorem below.

Theorem G.9. (Subgroup Generalization Bound for GNNs). Let h be any classifier in a function
L

Sfamily H with parameters {W} . Under Assumptionand forany € € E,,v > 0, and
=1
large enough N.», with probability at least 1 — 6§, we have

L3e(h) < L3 (h )
L

(e — ) T3 (i = )T+ 23D

c=1c'#c

(a)

e )

e e
c — Me

+ 22 Bee|p

®) (109)

zaw,, Z NW > ZZI —p"(c|c)|

eV(Z) c=1c'#c

(c)

PR
brim HWl F
(7/8)*/ENg.

(d)

+ (eefe7exr)2/L +const)

where p(c|c) is the ratio of heterophilic neighbors of class ¢’ when y; = ¢, const = ﬁ +

1 LC(2B_e)* "
N2r? YL
neighboring heterophilic label distribution, where Bee = maX;ev ,uv,.
feature norm.

is a term independent of aggregated feature distance and the difference in

gill2 is the maximum

To prove Theorem we need the following lemma that bounds the expected loss discrepancy
between the train and the test node subgroups.

Lemma G.10. Given a distribution P over H, for A\ > 0, define the expected loss discrepancy
between V., and Ve, with respect to (P, \) as D] ,,(P; \) := In EtheA(Lz/Q(h)_LZ’(h)). Under
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Assumption#-2} we have

c
2 te te ell‘ etr
D2, < 5 S e e T G — )T+ 2B 423 — DBl — )
c=1c'#c c=1
/
R I DY S Y o) - o)
1€V JEV()C 1c'#c
(110)
Proof. According to Eq. (14) of Lemma 5 in[Ma et al [2021]], under[d.2} we already have
L2(h) = L. ()
1 1 ¢
S 2w 2 (1 (£3(he) = £(hisk) ) + (Prly; = clg;) — Prlys = clg)) - 1)
eV T oy e=1
1 1 ¢
N > N, > > (Pr(y; = clg;) — Pr(ys = clgi)
CieVe T ey e=1
(111)

In the following proof, the main goal is to bound the term (Pr(y,; = c|g;) — Pr(y; = c|g;)) under the
multi-classification OOD generalization setting. Using the Bayes theorem, we have

J\; zV: N1 2 Z(Pr(yj:dgﬂ) Pr(y; = clgi))

1 Z 1 Z Z Pr(g;ly; = )Zc';ﬁc Pr(g;ly; = ¢') — Pr(gily; = ¢) Zc’;ﬁc Pr(g;ly; = )
= c c
i€V ey =1 (=1 Prlg;ly; = ¢)) (2= Prigily: = ¢))
(112)

Pr(g(jgézc)ggfl‘zjzz,;;(l)zr(gilyi; (Cgﬂr?j_gjcy;"))zc ) for each ¢’ # ¢, and bound all these

o =1 i 1Y5 o =1 i|Yi
terms respectively. When y; = c, denote 1;(c) € RP*(C—1) as the matrix composed of all the class
means of node v;’s heterophilic neighbors, i.e. the columns of p;(c) are ., ¢ € {1,2,...,C}/{c}.
The elements of pf' € RE~! are corresponding p(¢’), ¢ € {1,2,...,C}/{c}. According to
Definition 4.1} we have

Let consider the term

1 1 m m e e 1 ete
Pr(gilys = ¢) = W eXP(_ﬁHgi_[P? M;r +(pi(c ) ) 710? pe  +(ui(e) p?t)T]T”%)
(113)

Denote (23:1 Pr(g;ly; = C/))(Z§:1 Pr(gily; = ¢')) as exp(M) € [0,C], where M > 0O is a
constant, we have

|Pr(9j|yj = ¢)Pr(gily; = ') — Pr(gily; = ¢)Pr(g;ly; = ) |

(30— Prlgjly; = ) (0, Prlgily: = )
=l exp(— 55 95— W]+ (@) 5T+ (s BT IR)
exp(—5og g — Al + (el T+ e P TTTIR) (D
—exp(— 55 llg; — L+ Gl T+ () R TTTIR)

1 m m et T o
exp(—5 g — il + (i) 5o ue + (ma(e) P T3/ | exp(= M)
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Further arranging the formula, we obtain:

IPr(gj\yj = ¢)Pr(gi|ly; = ) — Pr(gs|ly; = ¢)Pr(g;ly; = ') |
C C
(Xo—1 Pr(gjly; = ) (O a—y Pr(gilyi = )

e et
g — [Pl + (i) 75 pimpue + (1 () P2 TTII3

:|6Xp(— 202
g = BT ()P T o 4 (i) P T3 Y (115)
202 )
e 1 te
lg; — [P5™id + (i) T 05m s + (s (<) P TTTII3
— exp(—
202
el e
Mg = P + (i) o + (@ POTTIE,
202 )
Using Lagrange mean value theorem, we have
|exp(—z) — exp(—y)| = exp(=¢)|y — x| < |z —y| (116)
forz, y > 0and £ € [z, y] (or £ € [y, x]). Using Equation (116), we get
|Pf(9j|yj = ¢)Pr(gi|y; = ¢') — Pr(gily; = ¢)Pr(g;ly; =) |
c c
(o= Prigjly; = )Xoy Pr(gslyi = )
1 m m et te | te
<5, llgi — P + (i) o5 + () P T3
Hllge — Bl + G s+ ) P TITIR
—llg; = [P pr + (i )pl}) ,pl}mui + (i () P TITIS
o | el
—llgi = ™ pl + (e ) ) Tiphmue + (e ) TT3)
= (e = pe) 75 (" = 1) ")yl —gipi™) + [0; (e = pe) " = (e — pe) Tgipt™
_ Flid s ]( (c)gi — i'(c)g;) + [0 g ]Tp?-t(C)gj A)
~[ndip c/ ) Pi(c ’)gj) = (05 1P () g;

—[0; pg” ] (c)g; + [O;MCI ]pﬁ““(C’)gj)

+ ooz (™™ = PI™) (Il cll3 — pter 1) + Pl 113 — Pl 113 + pb™ |1 113 — P11 |13 )}(B)
n 302 (P} (2) (2) )pell3 +p'“( ) 11713 — pi(e)” ||uc 113 ©)
—(Pi(¢) pz( N e 13 = P3() 211113 +p'2‘( N2 lue112)
(117)
Let’s bound (A), (B) and (C) respectively.
(a) 1 et et et el et el
(@A) < 5 ([(e = pe) 5 (e = &) Wllgs = gglla + (e = e |+ e = p Dol
w1
a5 1€ Was = gill2 + [l 1o ]\ng gill2
(e =+ |1s — us Dlgil)
(b) 1 ote ot et ol et ot
s (/1 = o) T =TI+ 2Vl gyl + = 14 1 = Dl + )
(\/| T (ue" = ue) TN+ 2v2) i = gyllz + 2Bee (e — pe | + gy — ue )
(118)

(a) uses the fact that [g;p"™ — g;p)™| < ||g; — g;||2 and pi™, pZ ‘(c), pﬁ“(c’),Tpl;m7 Pi(c), Pi(c) are
all < 1, and (b) is because of the assumption that | [z ; 1€ ]\ = |[ulius = V2

Also, since the class means are normalized, we have (B) = 0.

47



Similarly, we have

2 2 2

(©) = ((pj( &) = p(©)) = () = ()
(15 (e) = pi* ()| + 115 () = P (<)1)

(119)
- 202
Using these results, we have
cemd‘z) ,czu(m
& Pr(gily; = ) Yo Prlgily; = ¢) = Pr(gilys = €) 3o Prig;ly; = )

C C
N‘° ey =1 (=1 Prlg;ly; = ) ci=y Prigily: = ¢))
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Now we can proceed with the proof of Theorem

Proof. Directly replace the result of Lemma 5 in[Ma et al|[2021]] with that of Lemma [G.10] and
following the proof of Lemma 6 and Theorem 3 inMa et al.| [2021]], under Assumption4.3] we finish
the proof of Theorem[G.9] O

H Limitations

The theoretical analysis is limited to linear GNNs. However, there some justification for using a
linear GNN. 1) Some recent works [Zhu and Koniusz, 2021} |Wang et al.|[2021b] observed that linear
GNNs achieve comparable performance to nonlinear GNNs. [Tang and Liu|[2023]] also theoretically
proved that SGC can outperform GCN under some mild assumptions. 2) many recent works on the
theoretical analysis of graphs/OOD generalization adopt linear networks [Lin et al.,|2023] |Wu et al.,
2022b| |[Mao et al.,|2023]. 3) Our theory matches the experimental results on the nonlinear GCN and
GAT that CIA outperforms IRM and VREx.

We didn’t implement some of the node-level OOD methods in our main experiments including [Li
et al.,|[2023al [Liu et al.| 2023]] because they didn’t release the code. Another limitation is that We
didn’t provide an in-depth theoretical comparison between our method and existing node-level OOD
methods, but only revealed the difficulty of invariant learning on graphs through the examples of
VREx and IRM. However, this theoretical finding is sufficient to inspire the CIA solution and its
enhanced version, CIA-LRA. We reserve a more comprehensive analysis of the failure of OOD
methods on graphs and broader guidance for designing graph-OOD work for future research.
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I Broader Impacts

Our work contributes to improving the node-level OOD generalization of GNN models. We believe
our work could positively impact various fields by improving predictive accuracy in areas like
healthcare, social networking, etc., potentially leading to better-personalized services and enhanced
safety.

J Compute Resources
We use one NVIDIA GeForce RTX 3090 or 4090 GPU for each single experiments. All algorithms

except EERM and GTrans can be executed on a single 24GB GPU when processing the largest
dataset, Arxiv, without encountering out-of-memory.
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NeurlIPS Paper Checklist

1. Claims

Question: Do the main claims made in the abstract and introduction accurately reflect the
paper’s contributions and scope?

Answer: [Yes]

Justification: The abstract and introduction concisely state how we dissect the challenges of
invariant learning on graphs and out strategies to tackle it. In the introduction, we list all our
contributions and indicate the sections in which they are made.

Guidelines:

e The answer NA means that the abstract and introduction do not include the claims
made in the paper.

* The abstract and/or introduction should clearly state the claims made, including the
contributions made in the paper and important assumptions and limitations. A No or
NA answer to this question will not be perceived well by the reviewers.

* The claims made should match theoretical and experimental results, and reflect how
much the results can be expected to generalize to other settings.

* It is fine to include aspirational goals as motivation as long as it is clear that these goals
are not attained by the paper.

2. Limitations
Question: Does the paper discuss the limitations of the work performed by the authors?
Answer: [Yes]

Justification: We point out the limitations in Appendix [H} we didn’t compare the empirical
results with some of the node-level OOD works because their codes are unavailable; we
didn’t theoretically analyze all invariant learning methods.

Guidelines:

* The answer NA means that the paper has no limitation while the answer No means that
the paper has limitations, but those are not discussed in the paper.

* The authors are encouraged to create a separate "Limitations" section in their paper.

The paper should point out any strong assumptions and how robust the results are to
violations of these assumptions (e.g., independence assumptions, noiseless settings,
model well-specification, asymptotic approximations only holding locally). The authors
should reflect on how these assumptions might be violated in practice and what the
implications would be.

* The authors should reflect on the scope of the claims made, e.g., if the approach was
only tested on a few datasets or with a few runs. In general, empirical results often
depend on implicit assumptions, which should be articulated.

* The authors should reflect on the factors that influence the performance of the approach.
For example, a facial recognition algorithm may perform poorly when image resolution
is low or images are taken in low lighting. Or a speech-to-text system might not be
used reliably to provide closed captions for online lectures because it fails to handle
technical jargon.

* The authors should discuss the computational efficiency of the proposed algorithms
and how they scale with dataset size.

If applicable, the authors should discuss possible limitations of their approach to
address problems of privacy and fairness.

* While the authors might fear that complete honesty about limitations might be used by
reviewers as grounds for rejection, a worse outcome might be that reviewers discover
limitations that aren’t acknowledged in the paper. The authors should use their best
judgment and recognize that individual actions in favor of transparency play an impor-
tant role in developing norms that preserve the integrity of the community. Reviewers
will be specifically instructed to not penalize honesty concerning limitations.

3. Theory Assumptions and Proofs
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Question: For each theoretical result, does the paper provide the full set of assumptions and
a complete (and correct) proof?

Answer: [Yes]

Justification: All supplementary assumptions, formal versions of the theorems, and full
proofs can be found in Appendix [G]

Guidelines:

» The answer NA means that the paper does not include theoretical results.

* All the theorems, formulas, and proofs in the paper should be numbered and cross-
referenced.

* All assumptions should be clearly stated or referenced in the statement of any theorems.

* The proofs can either appear in the main paper or the supplemental material, but if
they appear in the supplemental material, the authors are encouraged to provide a short
proof sketch to provide intuition.

* Inversely, any informal proof provided in the core of the paper should be complemented
by formal proofs provided in appendix or supplemental material.

* Theorems and Lemmas that the proof relies upon should be properly referenced.
. Experimental Result Reproducibility

Question: Does the paper fully disclose all the information needed to reproduce the main ex-
perimental results of the paper to the extent that it affects the main claims and/or conclusions
of the paper (regardless of whether the code and data are provided or not)?

Answer: [Yes]

Justification: We have provided all basic experimental settings and the hyperparameter
search space in Appendix [C|to reproduce all our results. The detailed training procedure
of CIA-LRA is provided in Appendix [T} We will release our implementation of CIA and
CIA-LRA following the acceptance of our work.

Guidelines:

» The answer NA means that the paper does not include experiments.

* If the paper includes experiments, a No answer to this question will not be perceived
well by the reviewers: Making the paper reproducible is important, regardless of
whether the code and data are provided or not.

If the contribution is a dataset and/or model, the authors should describe the steps taken
to make their results reproducible or verifiable.

* Depending on the contribution, reproducibility can be accomplished in various ways.
For example, if the contribution is a novel architecture, describing the architecture fully
might suffice, or if the contribution is a specific model and empirical evaluation, it may
be necessary to either make it possible for others to replicate the model with the same
dataset, or provide access to the model. In general. releasing code and data is often
one good way to accomplish this, but reproducibility can also be provided via detailed
instructions for how to replicate the results, access to a hosted model (e.g., in the case
of a large language model), releasing of a model checkpoint, or other means that are
appropriate to the research performed.

While NeurIPS does not require releasing code, the conference does require all submis-
sions to provide some reasonable avenue for reproducibility, which may depend on the
nature of the contribution. For example

(a) If the contribution is primarily a new algorithm, the paper should make it clear how
to reproduce that algorithm.

(b) If the contribution is primarily a new model architecture, the paper should describe
the architecture clearly and fully.

(c) If the contribution is a new model (e.g., a large language model), then there should
either be a way to access this model for reproducing the results or a way to reproduce
the model (e.g., with an open-source dataset or instructions for how to construct
the dataset).
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(d) We recognize that reproducibility may be tricky in some cases, in which case
authors are welcome to describe the particular way they provide for reproducibility.
In the case of closed-source models, it may be that access to the model is limited in
some way (e.g., to registered users), but it should be possible for other researchers
to have some path to reproducing or verifying the results.

5. Open access to data and code

Question: Does the paper provide open access to the data and code, with sufficient instruc-
tions to faithfully reproduce the main experimental results, as described in supplemental
material?

Answer:

Justification: The datasets utilized in our paper are publicly accessible and remain unmodi-
fied. We will release our code following the acceptance of our work, complete with detailed
instructions to ensure the faithful reproduction of the main experimental results.

Guidelines:

* The answer NA means that paper does not include experiments requiring code.

¢ Please see the NeurIPS code and data submission guidelines (https://nips.cc/
public/guides/CodeSubmissionPolicy) for more details.

* While we encourage the release of code and data, we understand that this might not be
possible, so “No” is an acceptable answer. Papers cannot be rejected simply for not
including code, unless this is central to the contribution (e.g., for a new open-source
benchmark).

* The instructions should contain the exact command and environment needed to run to
reproduce the results. See the NeurIPS code and data submission guidelines (https:
//nips.cc/public/guides/CodeSubmissionPolicy) for more details.

 The authors should provide instructions on data access and preparation, including how
to access the raw data, preprocessed data, intermediate data, and generated data, etc.

* The authors should provide scripts to reproduce all experimental results for the new
proposed method and baselines. If only a subset of experiments are reproducible, they
should state which ones are omitted from the script and why.

* At submission time, to preserve anonymity, the authors should release anonymized
versions (if applicable).

* Providing as much information as possible in supplemental material (appended to the
paper) is recommended, but including URLSs to data and code is permitted.

6. Experimental Setting/Details

Question: Does the paper specify all the training and test details (e.g., data splits, hyper-
parameters, how they were chosen, type of optimizer, etc.) necessary to understand the
results?

Answer: [Yes]
Justification: We adopt the default training details open-source GOOD benchmark, and we
have stated some modifications of the setting in the main text and the appendix.
Guidelines:

* The answer NA means that the paper does not include experiments.

* The experimental setting should be presented in the core of the paper to a level of detail
that is necessary to appreciate the results and make sense of them.

* The full details can be provided either with the code, in appendix, or as supplemental
material.

7. Experiment Statistical Significance

Question: Does the paper report error bars suitably and correctly defined or other appropriate
information about the statistical significance of the experiments?

Answer: [Yes]

Justification: The improvements offered by CIA-LRA exceed the error bars of the best
existing methods. Also, CIA significantly outperforms VREx and IRM across most dataset
splits.
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10.

Guidelines:

* The answer NA means that the paper does not include experiments.

* The authors should answer "Yes" if the results are accompanied by error bars, confi-
dence intervals, or statistical significance tests, at least for the experiments that support
the main claims of the paper.

* The factors of variability that the error bars are capturing should be clearly stated (for
example, train/test split, initialization, random drawing of some parameter, or overall
run with given experimental conditions).

* The method for calculating the error bars should be explained (closed form formula,
call to a library function, bootstrap, etc.)

* The assumptions made should be given (e.g., Normally distributed errors).

¢ It should be clear whether the error bar is the standard deviation or the standard error
of the mean.

It is OK to report 1-sigma error bars, but one should state it. The authors should
preferably report a 2-sigma error bar than state that they have a 96% CI, if the hypothesis
of Normality of errors is not verified.

* For asymmetric distributions, the authors should be careful not to show in tables or
figures symmetric error bars that would yield results that are out of range (e.g. negative
error rates).

* If error bars are reported in tables or plots, The authors should explain in the text how
they were calculated and reference the corresponding figures or tables in the text.

Experiments Compute Resources

Question: For each experiment, does the paper provide sufficient information on the com-
puter resources (type of compute workers, memory, time of execution) needed to reproduce
the experiments?

Answer: [Yes]
Justification: In Appendix [J]} we report the type of GPU we use and the memory costs.
Guidelines:

* The answer NA means that the paper does not include experiments.

* The paper should indicate the type of compute workers CPU or GPU, internal cluster,
or cloud provider, including relevant memory and storage.

* The paper should provide the amount of compute required for each of the individual
experimental runs as well as estimate the total compute.

* The paper should disclose whether the full research project required more compute
than the experiments reported in the paper (e.g., preliminary or failed experiments that
didn’t make it into the paper).

. Code Of Ethics

Question: Does the research conducted in the paper conform, in every respect, with the
NeurIPS Code of Ethics https://neurips.cc/public/EthicsGuidelines?

Answer: [Yes]
Justification: Our research conforms, in every respect, to the NeurIPS Code of Ethics.
Guidelines:

e The answer NA means that the authors have not reviewed the NeurIPS Code of Ethics.

* If the authors answer No, they should explain the special circumstances that require a
deviation from the Code of Ethics.

* The authors should make sure to preserve anonymity (e.g., if there is a special consid-
eration due to laws or regulations in their jurisdiction).

Broader Impacts

Question: Does the paper discuss both potential positive societal impacts and negative
societal impacts of the work performed?

Answer: [Yes]
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Justification: We discuss the potential impacts of out work in Appendix [I}
Guidelines:

* The answer NA means that there is no societal impact of the work performed.

o If the authors answer NA or No, they should explain why their work has no societal
impact or why the paper does not address societal impact.

» Examples of negative societal impacts include potential malicious or unintended uses
(e.g., disinformation, generating fake profiles, surveillance), fairness considerations
(e.g., deployment of technologies that could make decisions that unfairly impact specific
groups), privacy considerations, and security considerations.

* The conference expects that many papers will be foundational research and not tied
to particular applications, let alone deployments. However, if there is a direct path to
any negative applications, the authors should point it out. For example, it is legitimate
to point out that an improvement in the quality of generative models could be used to
generate deepfakes for disinformation. On the other hand, it is not needed to point out
that a generic algorithm for optimizing neural networks could enable people to train
models that generate Deepfakes faster.

* The authors should consider possible harms that could arise when the technology is
being used as intended and functioning correctly, harms that could arise when the
technology is being used as intended but gives incorrect results, and harms following
from (intentional or unintentional) misuse of the technology.

* If there are negative societal impacts, the authors could also discuss possible mitigation
strategies (e.g., gated release of models, providing defenses in addition to attacks,
mechanisms for monitoring misuse, mechanisms to monitor how a system learns from
feedback over time, improving the efficiency and accessibility of ML).

Safeguards

Question: Does the paper describe safeguards that have been put in place for responsible
release of data or models that have a high risk for misuse (e.g., pretrained language models,
image generators, or scraped datasets)?

Answer: [NA]
Justification: [TODO]
Guidelines:

* The answer NA means that the paper poses no such risks.

* Released models that have a high risk for misuse or dual-use should be released with
necessary safeguards to allow for controlled use of the model, for example by requiring
that users adhere to usage guidelines or restrictions to access the model or implementing
safety filters.

 Datasets that have been scraped from the Internet could pose safety risks. The authors
should describe how they avoided releasing unsafe images.

* We recognize that providing effective safeguards is challenging, and many papers do
not require this, but we encourage authors to take this into account and make a best
faith effort.

Licenses for existing assets

Question: Are the creators or original owners of assets (e.g., code, data, models), used in
the paper, properly credited and are the license and terms of use explicitly mentioned and
properly respected?

Answer: [Yes]

Justification: Yes. All assets used in our research, including code, data, and models, are
properly credited.

Guidelines:

» The answer NA means that the paper does not use existing assets.
* The authors should cite the original paper that produced the code package or dataset.

 The authors should state which version of the asset is used and, if possible, include a
URL.
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* The name of the license (e.g., CC-BY 4.0) should be included for each asset.

* For scraped data from a particular source (e.g., website), the copyright and terms of
service of that source should be provided.

 If assets are released, the license, copyright information, and terms of use in the
package should be provided. For popular datasets, paperswithcode.com/datasets
has curated licenses for some datasets. Their licensing guide can help determine the
license of a dataset.

* For existing datasets that are re-packaged, both the original license and the license of
the derived asset (if it has changed) should be provided.

* If this information is not available online, the authors are encouraged to reach out to
the asset’s creators.
New Assets

Question: Are new assets introduced in the paper well documented and is the documentation
provided alongside the assets?

Answer: [NA]
Justification: [TODO]
Guidelines:

* The answer NA means that the paper does not release new assets.

» Researchers should communicate the details of the dataset/code/model as part of their
submissions via structured templates. This includes details about training, license,
limitations, etc.

* The paper should discuss whether and how consent was obtained from people whose
asset is used.

* At submission time, remember to anonymize your assets (if applicable). You can either
create an anonymized URL or include an anonymized zip file.
Crowdsourcing and Research with Human Subjects

Question: For crowdsourcing experiments and research with human subjects, does the paper
include the full text of instructions given to participants and screenshots, if applicable, as
well as details about compensation (if any)?

Answer: [NA]
Justification: [TODO]
Guidelines:

* The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.

* Including this information in the supplemental material is fine, but if the main contribu-
tion of the paper involves human subjects, then as much detail as possible should be
included in the main paper.

* According to the NeurIPS Code of Ethics, workers involved in data collection, curation,
or other labor should be paid at least the minimum wage in the country of the data
collector.

Institutional Review Board (IRB) Approvals or Equivalent for Research with Human
Subjects

Question: Does the paper describe potential risks incurred by study participants, whether
such risks were disclosed to the subjects, and whether Institutional Review Board (IRB)
approvals (or an equivalent approval/review based on the requirements of your country or
institution) were obtained?

Answer: [NA]
Justification: [TODO]
Guidelines:

* The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.
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* Depending on the country in which research is conducted, IRB approval (or equivalent)
may be required for any human subjects research. If you obtained IRB approval, you
should clearly state this in the paper.

* We recognize that the procedures for this may vary significantly between institutions
and locations, and we expect authors to adhere to the NeurIPS Code of Ethics and the
guidelines for their institution.

* For initial submissions, do not include any information that would break anonymity (if
applicable), such as the institution conducting the review.
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